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MULTIPARAMETER QUANTUM
GENERAL LINEAR SUPERGROUP

FABIO GAVARINT#, MARGHERITA PAOLINI®

ABSTRACT. We introduce uniparametric and multiparametric quantisations of
the general linear supergroup, in the form of “quantised function algebras”, both
in a formal setting — yielding “quantum formal series Hopf superalgebras”, a la
Drinfeld — and in a polynomial one — closer to Manin’s point of view.

In the uniparametric setting, we start from quantised universal enveloping su-
peralgebras over gl,, (endowed with a super-structure), as in [Yal] and [Zhal:
through a direct approach, we construct their linear dual, thus finding the quan-
tum formal series Hopf superalgebras mentioned above, which are described in
detail via an explicit presentation. Starting from the latter, then, we perform a
deformation by a well-chosen 2—cocycle, thus getting a multiparametric quantisa-
tion, described again by an explicit presentation: this is, in turn, the dual to the
multiparametric quantised universal enveloping algebra over gl from [GGP].

We also provide some “polynomial versions” of these quantisations, both for
the uniparametric and the multiparametric case. In particular, we compare the
latter to Manin’s quantum function algebras from .

Finally, both for the uniparametric and the multiparametric setting, we provide
suitable PBW-like theorems, in “formal” and in “polynomial” versions alike.

CONTENTS
(Il.__Introductionl 1
[2. Multiparametric QUESA for the general linear supergroup| 3
[2.1.  Yamane's QUESA’s for the general linear supergroup| 3
[2.2. From Yamane’'s QUESA’s to multiparametric QUESA’S| )
[3.  Formal quantum general linear supergroups| 6
[3.1.  QFSHSA’'s for Yamane's quantum general linear supergroup| 6
[3.2.  Multiparametric QFSHSA’s for the general linear supergroup| 12
[4. Polynomial versions of quantum general linear supergroups| 17
[4.1. Yamane’s polynomial QUESA’s tor the general linear supergroup| 17
[4.2. Polynomial QFSA’s for the general linear supermonoid| 19
[4.3. Multiparametric QFSA’s for the general linear supermonoid| 22
[4.4. Comparison with Manin’s work] 25
[Appendix A. Further details for §3.1.3| 26
[Referencesd 35

1. INTRODUCTION

The so-called “quantum groups” appear in literature in two forms: either quan-
tised universal enveloping algebras (in short, QUEA’s) over some Lie algebra g,
or quantised function algebras over some Lie or algebraic group . In both cases,
“quantised” is meant in two possible ways, namely:
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— a formal one, where we consider topological Hopf algebras, say Uy(g) or
F[|G]], over the ring k[[R]] of formal power series in the deformation parameter h,

— a polynomial one, where we consider standard Hopf algebras, U,(g) or F,[|G],
over a base ring where an element ¢ takes the role of “deformation parameter”, e.g.
k(q) or k[q , q_l] (the ring of rational functions or Laurent polynomials in ¢ ).

In either case, the quantisation canonically defines, as “semiclassical limit”, an
additional Poisson structure on the underlying geometrical object, namely a Lie
cobracket on g — turning the latter into a Lie bialgebra — and a Poisson bracket
on G — making it into a Poisson (Lie or algebraic) group; see [Dr] or [CP] for details.

One can also consider multiparametric quantisations, involving several parame-
ters: nevertheless, only one of them “rules” the quantisation, whereas the others are
responsible for the induced Poisson structure at the semiclassical limit. A typical
procedure to produce such quantisations involve Hopf-theoretical deformations, ei-
ther via twists or via 2—cocycles: one starts with a uniparametric quantisation, and
then applying a deformation (by twist or by 2—cocycle) ends up with a multiparametr
quantisation, whose “extra parameters” come from the twist or the 2—cocycle in-
volved in the process (cf. e.g., [GG3], [GG4] and references therein for more details).

All the above applies as well, up to technicalities, to the context of “quantum
supergroups”, i.e. quantisations of Lie superalgebras and supergroups.

In the present paper, we deal with the general linear Lie superalgebra and super-
group, that is gl, and GL,, endowed with some “parity”. In this setup, uniparametric
quantised universal enveloping superalgebras (in short, QUESA’s) have been intro-
duced in [Yal] (in great generality) in a formal version, and then taken up again in
[Zhal in polynomial form. Starting from that, multiparametric QUESA’s have been
constructed in [GGP| via the process of deformation by twist explained above.

Our goal is to work out the dual side, i.e. to introduce suitable dual objects to
the QUESA’s for gl? mentioned above, in all their variants — uniparametric or
multiparametric, formal or polynomial.

In the uniparametric setting, we start from Yamane’s QUESA Uj (g[ﬁ) , where the
superscript “p” accounts for the underlying parity. Through a direct approach, we
construct its full linear dual, which is concretely realised as a topological Hopf super-
algebra Fj, [ [GL%ZH with a non-degenerate Hopf pairing with Uy, (g[ﬁ) . In particular,
we find that this Fﬁ[[GLﬁH is indeed a quantum formal series Hopf superalgebra
(in short, QFSHA) as we were looking for: we provide for it an explicit presentation
by generators and relations and a suitable PBW-like theorem.

For the multiparametric side of the story, we rely on the uniparametric one and re-
sort to a deformation procedure. Indeed, as every multiparametric QUESA U (g[f;)
from [GGP] is obtained from Yamane’s QUESA Uy, (g[ﬁ) via deformation by some
twist Fg, one can get the dual (U,ff(g[fl))* as deformation of (Uy(gl%))” by the
2—cocycle o4 corresponding to Fg . But (U;f(g[fl))* = FhHGLfLH , the uniparamet-
ric QFSHA that we just constructed; so we only have to compute the deformation
(FEHGLﬁH)% . The final outcome is a multiparametric QFSHA FF[[GL2]] for

which we find a presentation by generators and relations and a PBW-like theorem.

After achieving our goal for formal quantisations, we obtain the parallel result
for polynomial ones in a very simple way — roughly, selecting suitable subalgebras
inside Fy[[GL?]] (for the uniparametric case) and Fy* [[GL?]] (for the multipara-
metric one). In particular, for the latter we discuss a bit its direct comparison with
Manin’s multiparametric QFSA’s introduced in [Mal.
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2. MULTIPARAMETRIC QUESA FOR THE GENERAL LINEAR SUPERGROUP

In this section, we first recall Yamane’s QUESA’s, bounding ourselves to those of
type A (in general, they are defined for each possible type of simple Lie superalgebra
of basic type), as introduced in [Yal]. Then we recall also their “multiparametric
version”, introduced in |[GGPJ.

2.1. Yamane’s QUESA’s for the general linear supergroup. In his ground-
breaking paper [Yal], Yamane introduced explicit quantisations of (the universal
enveloping superalgebra of ) any simple Lie superalgebra of basic type, say g: as such,
they are quantised universal enveloping superalgebras (=QUESA’s) in the sense of
Drinfeld. Their definition is given via a presentation by generators and relations: in
turn, the latter depends on the choice of a specific Dynkin diagram (or, equivalently,
of a specific Cartan matrix) associated with g; in particular, different diagrams (or
matrices) give rise to different quantisations, and it is not clear whether they are
isomorphic (as topological Hopf superalgebras) or not, though their semiclassical
limit always is. In this paper, we consider such QUESA’s only for type A: we will
call them “Yamane’s QUESA’s”.

Definition 2.1.1. Fix a field k of characteristic zero. Given n € N, n > 2, let
I,:={1,...,n} and I,y :=1\{n}. Let V,, be a k—vector space of dimension n,
and {e;},.; be ak-basis of V,,. We fix a parity function p : I,, — Zy, and the
(unique) k-bilinear form (-,-) on 'V, such that (¢;,¢;) = (—1)""5,; . We define the
root system ® = &, UP_ C 'V, by setting ¢, := {ai,j =g —¢&j ‘z’,j el,, 1<y }
and & = —d, = { - = € —81-|'i,j cl,,i< j}, and we let the set of
(positive) simple roots to be 1I := {ai = Qi1 ‘ 1€ In,l} )

For later use, we fix the important notation p;; := p(i) + p(j) forall 7,5 € I, .

We define the Dynkin diagram (associated with the previous data) as follows.
First, we consider a standard Dynkin diagram of type A,,_; , namely a (non-oriented)
graph with (n — 1) vertices, labelled by 1, ..., n — 1, with just one single edge
connecting the vertex ¢ with the vertex i+1 (and viceversa), forall 1 <i<n-—1.
Second, we represent the i—th vertex by drawing either a “white” node O or a
“grey” node ®, according to whether («;,a;) # 0 or (a;,a;) = 0, respectively
(or, equivalently, whether p(i) # p(i +1) or p(i) = p(i + 1), or still whether
Pijig1 =1 or p;ip1 =0).

Overall, we will refer to such a bunch D of data as to a Dynkin datum: note that
it is uniquely determined by the pair (mnk(D) ,parity(D)) =(n,p). o

Remark 2.1.2. Any Dynkin diagram as in Definition [2.1.1]is nothing but a “Dynkin
diagram” in the (standard) sense of Kac — see [Ka2] — for the Lie superalgebra
structure over gl(n) corresponding to the parity p — hereafter denoted by gl? .
Among all these Dynkin diagrams, those with just one single grey node (every other



4 FABIO GAVARINI , MARGHERITA PAOLINI

one being white), called distinguished, classify all isomorphism classes of simple Lie
superalgebras onto gl(n) that are not just totally even (i.e., they are not Lie algebra
structures). In particular, the same Lie superalgebra structure can be associated to
different Dynkin diagrams: in this case, every such diagram gives rise to a different
presentation of the Lie algebra, though the latter stands the same. Correspondingly,
one also has different presentations of the universal enveloping superalgebra U (g[ﬁ) .

Following Yamane (see [Yal]) — but with a choice of notation much closer to
Zhang’s (cf. [Zha]) — we introduce our quantisation of U (gl%) as follows:

Definition 2.1.3. Fix a Dynkin datum D as above, with rank n and parity p. Fix
a field k of characteristic zero. In the ring of formal power series k[[A]] , set

q = exp(h) g = ¢ =g viel,

We define Uy, (g[ﬁ) as follows: it is the unital, associative, h—adically complete
k[[h]]-superalgebra with generators

E1>E27'~-7En—1aF1aF2>"'>Fn—17FnaF17F27"'>Fn—1

having parity |E,| := prys1 , |Is] :=0, |F| = pry1, — forall r € [,_; and
s € I, —and relations (forall ¢,j € I, 1 :={1,...,n—1}, k.0 €I, :={1,...,n})

I, Iv] =0 (2.1)
L, Byl = Okgrr = 0g) F5 =0 [T, Ej] = (kg — Okge) B = 0 (2.2)
ethHi _ o—hH;
(B, F5] — biy e 0 (2.3)
E} =0, F/ =0 if piivi=1=pir1i (2.4)
[Ei,E;] =0 , [F,F]=0 if [i—j|>1 (2.5)
E'E; — (g+q¢ " )EE;E; + E;E} =0 if pj;;3 =0 and [|i—j|=1 (26)
FPFy—(q+q ) EFFE+ FF =0 if py;=0 and |i—jl=1 "
(B Ejl,, B, Ei] =0 if pjjypn=1 and k=j+1=i+2 2
(FFl, B, Bl =0  if p;=1 and k=j+1=i+2
where hereafter we use such notation as
H = (—1"O1 — (—1)?@
[A,B], = AB—c(-1)"PlBa | [A,B] = [A, B, o

The most relevant fact about the algebra Uy, (g[ﬁ) defined above is that it admits
a Hopf structure, as specified in the following result:

Theorem 2.1.4. (cf. [Yal]) There exists a structure of topological Hopf superalgebra
on Uh(g[ﬁ) — with respect to the h—adic topology — which is uniquely described by
the following formulas on generators (for all i € 1,1, k € I, ):

A(Ez) == Ez & 1 + €+hHi (024 Ez s S(EZ) == —G_h/HiEi s E(EZ) =0
AF) = Feoe"+10F,  S(F) = —F™,  «F) =0
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Remark 2.1.5. Because of its properties, including what is detailed in Theorem
the Hopf superalgebra Uj (g[f;) introduced in Definition is a “quantized
universal enveloping superalgebra” in the sense of Drinfeld — cf. [Dr], §7, and [Gal,
Definition 1.2, suitably adapted to the present setup of quantum supergroups). This
motivates the following definition.

Definition 2.1.6. We call the Hopf superalgebra U (g[f;) introduced in Definition
above the quantized universal enveloping superalgebra (or just “QUESA”, in
short) associated with the Lie superbialgebra gl . o

2.2. From Yamane’s QUESA’s to multiparametric QUESA’s. In [GGP], a
multiparametric counterpart of Yamane’s QUESA’s was introduced. In short, it was
found through a process of deformation by twist, after carefully choosing the twist
in a broad family, called of “toral” twists in that, roughly, they belong to the “toral
part” of Yamane’s QUESA that we start from. Hereafter we shortly summarise
that construction, when is is applied to Yamane’s QUESA of type A, namely the
Uy (g[fl) given in Definition above, with its Hopf structure from Theorem ;
for further details, we refer to |[GGP].

To begin with, we choose any antisymmetric matrix of size (n+ 1) with entries in

k[[A]], say @ = (¢t7g)f:1 """ ™ € 50, (Kk[[A]]) . Out of that, we define the element

=1,...,n;
Fp = exp (h 271 bu rt®r,£) e Un(g2)BUn(gl2)  (28)

which is actually a twist element for Up, (g[ﬁ) , in the standard sense of Hopf algebra
theory (cf. [GGP], §4.1.5). Using it, we construct a new (topological) Hopf algebra

Uy (g[fl)ﬁb, known as the deformation of Uj, (g[fl) by the twist Fg : this is isomorphic

to Up (g[fl) as a superalgebra but with a new, twisted (super)coalgebra structure,
whose coproduct, counit and antipode are described in the next statement:

Theorem 2.2.1. (cf. [GGP|, §4.2.7) Fix any antisymmetric matriz of size n + 1
with entries in k[[A]], say ® = (dr0) Z € s0, (k[[n]]), and define in Uy(gl?)
the elements (for all i € I,,_1 )

T o= 2750 (Gie Iy — divre V) T =275 (Gei Iy — beivr I0)

Then there exists a structure of topological Hopf superalgebra on Uh(g[f;) — with
respect to the h—adic topology — which is uniquely described by the following formulas
on generators (for all i € I, , k € I, ):

.....

A(Ez) _ Ei®€+hTf’+ + o (Hi+T") QE;, |, E(Ez> =0
Al) = Lol +1@1 e(Ix) =0
A(F) = Foe A0 4 oM o F  ¢(F) =0
S(E,) _ _e—h(Hz-JrTfi)Ei e~ MY : S(Fk) =1, S(E) — T F, ot (Hi+T%)
In particular, such a Hopf algebra is isomorphic with Uh(g[fb)fq’, the deformation

of Uﬁ(g[ﬁ) by the twist Fo in (2.8)). O

Definition 2.2.2. We call Uy (gl?) with the Hopf structure described in Theorem
above the multiparametric QUESA — over gl? — with multiparameter ®, and
we denote it by UZ(gl?) . o
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Remark 2.2.3. By its very construction, the multiparametric QUESA U;f(g[ﬁ) al-
ways admits a presentation (as a topological k[[h]]-superalgebra) as in Definition
2.1.3| — which is independent of & — while its Hopf structure is given as in Theo-
rem [2.2.1]— which explicitly depends on our matrix of “parameters” ® . Conversely,
it is proved in [GGP] (cf. in particular Proposition 4.2.8 and Theorem 4.2.9 therein)
that one can also describe the same object with a different presentation. Namely,
in the latter presentation the parameters show up in the relations among generators
— which look like those in Definition 2.1.3] but explicitly involve some extra pa-
rameters, that in turn depend on ® — while the formulas for the coproduct, counit
and antipode are independent of ® (and of any other “parameters” whatsoever),
but constantly look like those in Theorem for Yamane’s initial QUESA. Nev-
ertheless, we are now focusing on the first type of presentation, thus choosing the
point of view where the parameters govern the co-algebraic structure.

3. FORMAL QUANTUM GENERAL LINEAR SUPERGROUPS

In this section we introduce the new contribution of the present paper, namely a
“quantum formal supergroup” of type A, both in uniparametric and in multipara-
metric version, realised as dual to Yamane’'s QUESA U, (g[ﬁ) — from — and
to its multiparametric counterpart U;f(g[ﬁ) — from §.

3.1. QFSHSA’s for Yamane’s quantum general linear supergroup. Let us
consider Yamane’s QUESA Uh(g[ﬁ) as in , and its linear dual, denoted by
Fh[[GLQH . In Drinfeld’s language — as in [D1], §7, only slightly adapted to fit the
(quantum) supergroup framework — the latter is a “quantum formal series Hopf
superalgebra. We now undertake a detailed description of this object, eventually
yielding an explicit presentation by generators and relations.

3.1.1. The QFSHSA over GL?: first construction. For our QUESA Uh(g[ﬁ)
there exists a well-known “standard” (or “natural”, or “vector”) representation V/,
which is straightforward quantisation of the standard representation of the classical
superalgebra U (gl”) . Explicitly, V,, is the free k[[h]]-module of rank n with k[[R]]-

basis {vi,...,v,} with Us(gl?)-action defined on generators by
E; v = i+1,6 Ve—1 5 Iy . v = 6@',@ ve, Fj.v = 51‘1 Vo1 Viel,_1, ktel,

Indeed, one checks by straightforward computations that this yields a correctly
defined representation of Uy, (g[ﬁ) onto V,,, which then is a Uh(g[ﬁ)fmodule.

For each pair (i,j) € I,, the corresponding matriz coefficient x;; is defined:
it is the k[[h]]-linear function z;; : Uy(gl?) ———— Kk[[A]] defined by z;;(u) :=
v (u.vj), Yu € Uy(gl?), where {v],...,v}} is the dual k[[h]]-basis of V}, to the
built-in k[[A]]-basis {vi,...,v,}. In other words, x;; is the composition of the
representation morphism Py, Uh(g[fl) _— Endk[[m](Vn) o Matnxn(k[[h]]) with

the function Mat ,xn (k[[A]]) — K[[A]], (m”)igz
with respect to the (7,7 )-th entry.

Let Uﬁ,(g[ﬁ)* be the linear dual to the Hopf superalgebra Uy (g[ﬁ) . This dual is in
turn a topological Hopf superalgebra, the topology involved being now the x—weak
one: in particular, its coproduct is dual to the product in Uy, (g[ﬁ) , and it takes values

*

= m,; — i.e., evaluation

into a suitable completion of the algebraic tensor product U (g[fb)* ® Uh(g[ﬁ)
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However, for all the z;;’s — that do belong to Uh(glﬁ)* indeed — it follows by
construction that their coproduct obeys the remarkable formula

Axps) = Yoo (F1)P*PR g, @z, V r,sel, (3.1)

— where p,s := p(r)+p(s) — in short, because of the simple reason that the product
in Mat,1 (k[[A]]) is nothing but row-by-column multiplication; in particular, each
A(z;5) belongs to the standard, algebraic tensor product Uy (g[ﬁ)* ®Uy, (g[fb)* . Let
us then consider the unital k[[i]]-subalgebra Fj = FH[GL{JJ of Uy (g[fl)* generated
by {xm ‘ r,s € In} . Thanks to , Fh[GLfL] is in fact a sub-superbialgebra of
Uh(g[ﬁ)*, and even in “standard” (i.e., non-topological) sense; in particular, its
counit map € := €p, (qiz)* ‘F is described by €(z;;) = d6;; for all 7,5 € I,,.

h . .
Let now [, := Ker(€) + h Fy,. This is a two-sided ideal of F},, hence we can con-

sider the associated I, —adic topology in F}, . Indeed, such a topology coincides with
the one induced by the x—weak topology in Uy (g[ﬁyk : the the [ —adic completion
of F, coincides with the closure of F}, itself in Uy (g[ﬁ'ﬁbyk with respect to the x—weak
topology: we denote this closure by Fj = Fh[[GLﬁH . Note that Fj is clearly a sub-
superbialgebra of U (g[ﬁ)* ; moreover, by construction the semiclassical limit of F}, is
the I-adic completion F of the subalgebra F of Uy, (g[ﬁ) " generated by the “classical”
matrix coefficient functions z;; (for all 4,j € I, ), where I := Ker (¢.) . But classi-
cally we have F' = U(g[fl)* , whence we conclude that F, := F[[GL2]] = U, (g[fl)*
as well. Thus, in the end, the (topological) Hopf superalgebra Uy, (g[ﬁ)* can be re-

alised as topologically generated by the x; ;’s; we will presently improve this remark
by providing a concrete, explicit presentation. We begin by fixing the terminology:

Definition 3.1.2. We call quantum formal series Hopf superalgebra (=QFSHSA in
short) over the supergroup GL? the [ 7, —adic completion of Fj, — or, equivalently

(see above), the closure of F}, in Uy (g[ﬁ)* with respect to the x—weak topology.
We denote this QFSHSA by Fj,[[GL?]]. o

The previous construction of Fh[[GLI;LH is certainly a bit hasty, with several
details to be filled in in order to clarify all steps. However, we will now present
instead an alternative construction, which leads to a concrete realisation of F} that
is in fact totally independent of the above constructions.

3.1.3. New construction of Fh[[GLﬁH . We proceed in several steps, simultane-
ously building both the topological superbialgebra Fj; and its pairing with Uy (g[fl) .

(1) We begin with the free unital k[[h]]-superalgebra Fj, with generators z;;
— for all 4,5 € I, — having parity |z;;| = p;; := p(i) + p(j) — notation as in
Definition [2.1.1} This [F;, admits a unique superbialgebra structure whose coproduct
and counit are given on generators by the following formulas (the proof is trivial):

Aziy) = 20 (1) wie @ xe; . €(wy) = 0y Vi, jel, (3.2)
a=1

On the other hand, let U, be the free unital k[[A]]-superalgebra generated by
E;, I, F, —forall i € [,y and t € I, — with parity |EZ| = Diit1 = Dit1,i = |Fz‘
and |I}] = 0. This Uy is free as a k[[A]]-module, with basis given by all ordered
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monomials in the generators. Let now U, be the h-adic completion of Uy, with
its natural structure of Complete topological) unital k[[h]]-superalgebra: as such, it
is freely generated by FE;, [}, F; (for i € I, 1 and t € I,,). Then the formulas in
Theorem yield well-defined coproduct and counit U, that make the latter into
a topological superbialgebra (again, the proof is trivial).

(2) There exists a unique k[[A]] bilinear pairing ( , ) : F, x U, — K[[A]
which is defined as follows. For each generator z;; of Fj, we define the values of
<:v,-j ,./\/l> for every monomial M in the generators of Uy, : as these monomials form
a k[[h]] basis of Uy, this is enough to uniquely define, by k|[[1]]-linear extension, all
values of <wij , — > on all of @h. Moreover, as the x;;’s are free generators of I, as
a k[[h]]-algebra, we can choose those values <£E” ,j\/l> as freely as possible. We set

<«Tz'j s ].> = E(Iij) = 51']‘ (33)
which accounts for the unique “monomial” M =1 having degree 0, and then
<37ij 7Et> = 0t 0j, 441 <$ij ) Ft> = 0i,t+1 051 <95ij 7Fk:> = 0,k 0j k (3.4)

which accounts for all possible monomials M of degree 1. As to monomials M of
degree greater than 1, we define <:v,~j ,./\/l> by induction on such a degree via

(r;, M) = (2, Y Z) = (A(zy) , YR Z) (3.5)

for any possible factorisation of M as a product M = Y Z of two monomials )
and Z of strictly smaller degree, where in the last, rightmost term we are using the
formula

(AX), Yo 2) = (-1)FPlx, ¥ (X, 2) (3.6)
where A(X) = X(1) ® X(2) is the standard Sweedler’s notation for the coproduct
of X — now applied to X := z; ;. Due to the coassociativity of the coproduct A of

Fj,, formula (3.5)) is independent of any particular factorisation M = Y Z | hence
in particular it does make sense to properly define <:UZ-J- , M > )

) Now, with (3.3)), (3.4) and (B.5]) we have in fact defined a linear operator p(z;;) €
Uy for each generator x;; of Iy, : as these are free generators, the above also extends

to yield a well-defined morphism p : F, — U} of unital k[[A]]-algebras. In detail,
this means that one has (for all f/, f" € F,, u € Uy)

() @) = (p(f ) *p(f") @) = (p(f)@p(f")) (A1) =
= (=)o) u) - (p(F7))(ue)

just because of the very definition of the product x (“convolution”) in U; .
In turn, the map p : F, —— U}’ uniquely corresponds to a k[[A]]-bilinear pairing

()i Fax Uy ——K[] . (fou) = (o)) (3.8)

which is uniquely characterised (and described) by formulas (3.3)), (3.4) and (3.5]).
Furthermore, those same formulas guarantee that this pairing is also a (super)

coalgebra—algebra pairing, in that the following holds (for all f € F),, u/,u” € Uy):

<f, u’u”> = <A(f) ,U/®U” = (—1)‘f(2)‘|u/‘ <f(1) ,u'> <f(2) ,U,” (39)
On the other hand, symmetrically, formula (3.7) can be read also as

(Ffu)y = (fof Aw) = )TN um ) (fug )  (3.10)

(3.7)
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which means that this pairing is also a (super) algebra—coalgebra pairing. To sum

up, (3.9) and (3.10)), along with the unital/counital properties
(f. 1) =€f) , (1,u) = €(u) V feF,, uel, (3.11)

tell us that the pairing in (3.8)) is actually a pairing of (topological) k[[h]]-superbial-
gebras, or a (topological) k[[h]|-superbialgebra pairing.
Finally, via a canonical recipe, the pairing (3.8)) also induces a similar pairing

() (FaaF) x (U, ®U;) ——— k|[] (3.12)

given by ('@ f'u @u") = (=) ()
(3) We now consider the (super)bi-ideal I := Ker (EF ) + ATy, and the I;—adic

completion of F, denoted by Fj: by construction, this is a topological k[[f]]-
superbialgebra, whose coproduct takes values in F;, @ Fy,, the [P-adic completion of

the algebraic tensor product IFﬁ ® ]Fﬁ with ]I =FIL,+1,® Fh One then easily
sees that the pairing extends — by contlnuity — to a similar pairing

() :F) x U, — K[[H]] (3.13)

which is in turn a k[[A]]-linear (topological) superbialgebra pairing on its own.

(4) Let R be the hi—adically closed, two-sided ideal in Uy, generated by all the
elements that appear as left-hand side terms in the identities (2.1)—(2.7)). Then the
quotient topological k[[A]]-superalgebra U, / R is isomorphic to Uy(gl?), just by

the very definition of the latter. We can then identify U, / R = Uh(g[fl) , and
through this we get the following claim:

Claim: The pairing (3.13|) factors (on the right) through R, thus inducing a
sitmilar pairing of (topological) superbialgebras

To see that, since F), is generated (as a unital, topological algebra) by the z; ;’s,
it is enough to show that:

(4—a) < 1 ,p> =0 and <£L'” ,,0> = 0 for every p in the selected set of generators
of the ideal R and for all 7,5 € I,;

(4-b) the two-sided ideal R is in fact a coideal as well, which boils down to
having A(p) € R® U, + U, ® R for every p in our fixed set of generators of R .

Proving these two points is a matter of sheer computations, though non-trivial
ones. The interested reader find the details in Appendix [A]
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(5) Let J be the closed, two-sided ideal in F), generated (in topological sense)
by the following elements

2

wij fOI' pl] = i
. 1P .
Tij i — (—1)PIPE et =D Ty for j<k
. 1) .
Tij xpy — (—1)P9Pm eth (=P Tpj T for i<h (3.15)
Tij ope — (=1 a2y for i<h,j>k

PijPhk pijpik [ AR (=1)PD _—n(-1)P®)
Tij xpp — (=) ana — (—1)7 (e U7 e U g g

for i<h,j<k

and set Fy[[GL?]] = Fﬁ/j for the quotient topological k[[h]]-superalgebra.
Note: the last-line elements can be written in a slightly different form, namely

Ti; Thpy — (_1)pijphkmhk Ty — (_1)Pijpik+p(i)(e+h . e—h) Tk Tn

(for i < h and j < k): we shall indeed use such an alternative form in the sequel.

We aim now to prove the following

Claim: The pairing (3.14) factors (on the left) through J , thus inducing a similar
pairing of (topological) superbialgebras

() Fu[[GLY]] x Un(al}) —— K[[1] (3.16)

To see that, it is enough to show that:

(5-a) (n,1) =0 and (n,7) = 0 for every n in the selected set (3.15) of
generators of the ideal J and for all v € {E,, s F, | rel, 1,s¢€ In} :

(5-b) the two-sided ideal J is in fact a coideal as well, which boils down to
having A(n) € J®@F,+F,® J for every n in our given set of generators of J .

Once again, the proof of the above two points is just a matter of computations,
although non-trivial indeed; the interested reader will find them in Appendix [A]

We are now ready to recap the payout of the previous construction.

Theorem 3.1.4. There exists a unique topological K[[h)]-superbialgebra Fh[[GLﬁH
enjoying the following properties:

(a) it is topologically generated by {xij |i,j € In}, with parity |z;;| = piy; =
p(i) + p(4), subject to the following relations, where q := e, q, = q(_l)p(s) :

ﬁj =0 for py;=1
Ty g = (—1)P7P% g w5 for 1<k
zijrny = (=1)"7P" g5 wp; w4 for i<h
Tij o = (= 1)y, x4 for i<h,j>k
Tijtpe = (1) ay; + (D)7 (g — g7 Y) war oy for i<h,j<k

(b) it is complete with respect to the I—adic relation, where Iy, is the two-sided
ideal of FEHGLZH generated by the set {azij — 0|, ] € In} U { g ez } ;
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(c) its coproduct and counit are defined, in terms of the above presentation, by

A(ZL‘U) = Z (—1)piapajl‘ia & Laj E(l‘ij) = 51 v Z,] S In (317)
a=1

(d) it admits a non-degenerate pairing of (topological) k[[h]]|-superbialgebras
() : Fu[[GLE]] x Un(gl?) ——— K[[A]
giwen on generators — Vi,j,kel,, tel, ; — by

(i, E) = 004601, (wij, Fr) = g1 650 o (@i, Th) = 6ixdjp  (3.18)

(e) through the pairing in (d) above, it is isomorphic (as a topological K[[h]]-
superbialgebra) to Uh(glﬁ)*, the linear dual to Uh(glﬁ) . In particular, Fh[[GLfLH
itself is a (topological) Hopf superalgebra over k[[h]] .

Proof. The construction in §3.1.3|provides us with a topological k[[1]]-superbialgebra
F; EHGL;”LH which, indeed, do fulfill all requirements of claims (a) through (d) above,
but for the non-degeneracy of the pairing in (d). As to this last property, as well as
to claim (e), we still need some extra work.

To begin with, when passing to the “semiclassical limit”, we have that

Rllewr]) = Rl[eL]] /nR[[GLY]]

is a commutative topological k—superbialgebra which is generated by the cosets of
the x;;’s — that we still denote by the same symbols, slightly abusing notation —
having parity |z;;| = p;; . Moreover, FOHGLfLH is complete with respect to the ideal
generated by all the (x;; — d;;)’s, and it has (super)coalgebra structure described as
in again. Finally, the k([i]]-bilinear pairing ( , ) in (d) between F;[[GLZ]]
and Uy(gl?) induces — just by modding out i — a k-bilinear pairing ( , ), :
Fo[[GLE]] x Up(gl?) ———— K[[A]] of (topological) k—superbialgebras. Now recall

that Uy (g[ﬁ) = Uh(g[ﬂ)/h Uh(g[ﬁ) naturally identifies with U(g[ﬁ) . Then, using

the above presentation of FOHGLZH — with specific generators whose coproduct
and counit are given by the specific formulas — and its superbialgebra pairing
(, ) with Uy (g[ﬁ) = U(g[z) — also explicitly described by — one quickly
realises that Fy[[GL?]] in turn identifies with F[[GL?]] = U(g[ﬁyk , the “algebra
of functions” on the formal general linear supergroup GL? . In fact, the identification
is the unique one through which {xij ‘ 1,7 €1, } identifies with the dual basis to
the basis {eij }i, 1 €l, } of elementary matrices of gl? . In particular, the “semi-
classical” pairing ( , ), is non-degenerate.

The previous analysis proves that Fy[[GLY]] := Fh[[GLfJ]/h E[[GL?]] is

isomorphic to U(al)" = (Un(ats) /AU (at%)) . with the pairing ( , ), identify-
ing with the standard “evaluation pairing”, which is non-degenerate. In addition,
we note that, since I contains hFﬁHGLﬁH , then FhHGLfLH is also hA—adically
complete. Therefore, by a standard argument (namely an “approximation modulo
h™” process, followed by taking the limit for n — 400 ) we can conclude that the
pairing ( , ) : Fy[[GL?]] x Uyp(gl%) — K[[A]] itself is non-degenerate and, even
more, through it £}, [[GL?]] identifies with (Us(g!2))", hence (e) is proved too. O
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Remark 3.1.5. Because of its properties, detailed in Theorem above — in
particular, claim (e) — the Hopf superalgebra Fj[[GL?]] introduced there is a
“quantized formal series Hopf superalgebra” in the sense of Drinfeld — cf. |Di],
§7, and |Gal, Definition 1.2, suitably adapted to the present setup of quantum
supergroups). This leads us to the following definition.

Definition 3.1.6. We call the (topological) Hopf superalgebra F},[[GL?]] intro-
duced in Theorem above the quantized formal series Hopf superalgebra (or just
“QFSHSA”, in short) associated with the Poisson supergroup GLE . o

We conclude this part with a PBW-like theorem, providing for a (topological)
basis of ordered monomials in the generators:

Theorem 3.1.7. (PBW Theorem for Fy,[[GL?]] ) Let us fix any total order in the

set {xij }i,j € In} of generators of F;ZHGLZH . Then the set of all truncated
ordered monomials in the x;;’s, namely

€ij
{ ﬁ Ly

4,j€In

eijEN,Vi,jeln, eijﬁl pr%]:i}

is a k[[h]]-basis (in topological) of the Kk[[h])-module F;[[GLZ]] .

Proof. Let us write for simplicity Fj := Fh[[GLﬁH . The “semiclassical limit” of
F}, is the quotient Fy := F} / h Fy : by construction, it is a topological Hopf algebra

over k, which is isomorphic to F HGL{’LH =U (g[ﬁ)* , the “formal superalgebra of
functions” on the (formal) supergroup GL? . Inside F}, denote by 7;; the coset of z;;
modulo A Fj: then it is known that the set of truncated ordered monomials in the

Tij's, 1.e. { ﬁf;” ei; €EN Vi, jel,, e; <1 if |i|+]|j| = T} , is a topological

ij€ln
k—basis of FHGL%H . that is any ¢ € FHGL%H can be uniquely written as
a formal k-linear combination ¢ = > ¢, T;;7  of truncated ordered

eeNInxIn ijeln
ey <1 if [i|+]j]=1
monomials in the 7;;’s, for suitable (unique!) coefficients ¢, € k; hereafter we will
. . . . . e — €55 .
write such an expansion with the simpler notation ¢ = ZQ ce ]lij ;" - From this,

a standard argument gives us the expected result, as follows. Let ¢ € Fh[[GLELH :
g Cis
ij Lij

for suitable (unique!) céo) € k. Then there exists ¢, € F[[GL?]] such that
Y=, cg]) ﬁ” x,;” + hty , and we can start again with ¢ instead of 9.
[terating this argument, one eventually finds suitable coefficients cén) € k such that
UEED DI Zg cén)ﬁm x;” = ZE <ZneN cé")h”> ﬁ” xlj” ., which actually

proves our claim. Il

then its coset modulo A F, in Fy uniquely expands as 1) = Zg cg))

3.2. Multiparametric QFSHSA’s for the general linear supergroup. Much
like we constructed a QFSHA Fj, [ [GL%” as dual to Yamane’s uniparametric QUESA
Uh(g[ﬁ) , one might follow the same strategy to construct a multiparametric QF-
SHSA dual to the multiparametric QUESA Ug’(glﬁ), eventually finding parallel
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results. However, we present hereafter a different approach: as U,if(g[fb) is obtained
as deformation by twist of U (g[ﬁ) , we can obtain its dual as 2-cocycle deformation
of (Uﬁ(g[fl))* = FhHGLﬁH using for that the unique 2-cocycle for Fﬁ[[GLfLH
that “corresponds” to the twist Fg for Uy (g[fl) . This shortcut eventually leads us
to obtain a presentation by generators and relations of the final, “deformed” ob-
ject, directly “by deforming” the presentation by generators and relations that we
already have for Fy,[[GL%]] — from Theorem The construction also provides
us with a non-degenerate Hopf pairing of our multiparametric QUESA with U, g’(grg';)
through which the former identifies with the dual to the latter.

3.2.1. Deformation construction vs. linear duality. A standard construction
in Hopf algebra theory is that of deformations, either by twist, or by 2—cocycle. This
extends to various type of “generalised” Hopf algebras, including Hopf superalgebras,
and even to “quantum Hopf superalgebras”, which are Hopf superalgebras only in
a suitable topological sense, such as our QUESA’s in §2] and our QFSHSA’s in §3.1]
Without repeating them here, we quote the main relevant definitions from |[GGP],
§4.1.5. We also need an auxiliary result, connecting the two types of “deformation”
with linear duality: the statement here is written in a “plain version”, but it also
extends to more general situation such as those of topological Hopf superalgebras,
including those associated with quantum supergroups.

Proposition 3.2.2. Let H be a Hopf superalgebra, and H* its linear dual.

(a) Let F be a twist for H, and o, the image of F in (H ® H)* for the natural
composed embedding H ® H —— H** @ H* —— (H* ®H*)*. Then o, is a
2—cocycle for H* , and there exists a canonical isomorphism (H*)U; = (H]:)* .

(b) Assume there exists a natural identification (H® H)" = H* ® H* (e.g., H
is finite-dimensional, or “®” is meant in a suitable, topological sense). Let o be a

2-cocycle for H , and let F, be the image of o through this identification. Then F,
is a twist for H*, and there exists a canonical isomorphism (H*)}-" ~ (Ha)* .0

3.2.3. Multiparametric QFSHSA over GL”: the construction. We resume
assumptions, notation and terminology from §. Let Uy, (g[ﬁ) be Yamane’s QUESA
from Definition , and let Fh[[GLﬁ” be the QFSHSA from Definition ,
which naturally identifies with (Uj(g!2))” by Theorem ( e).

We choose any antisymmetric matrix ¢ = ((btg)sz € s0,(k[[1]]), and from

it two we define the element
Fo = exp(h2' S0 hio L) € Uiglh) 8Un(alh) (3.19)

which is a twist element for Uy, (g[fl) , in the standard sense recalled right above. The
corresponding twist deformation of Yamane’s QUESA is our MpQUESA, namely

U;f(g[ﬁ) = Uh(g[ﬁ)ﬁ) of Definition [2.2.2

To make life easier, we adopt hereafter the simpler notation U,(g) := Uy (g[fl)
and Fy[[G]] := F},[[GL?]]. Now, according to Proposition , the twist Fg of
Un(g) identifies with some o, := oz, which is a 2-cocycle for (Un(g))" = Fi[[G]].
Indeed, o, is simply given by evaluation at J , namely

0o ¢ BlG]] x B[G]] ——K[[R]] . (¢.¥) = (p@Y¥, F) (3.20)
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Now, from ([3.20]) and the formulas (3.18]), direct calculation gives
0o (@i xen) = (@ip Qupp, F) =

+oo  pm : -
e Z m! 2m <xi,r®$€,h7 (Zt,kzlgbt,k;]—;f@Fk) > —
m=0 .
+oo  pm ) o
= Z m)2m < A(m—1) (l'i,r & l'é,h) ) <Zt, k=1 ¢t,k I ® Fk) >
m=0 .

®Xm
Let us consider < A(m=1) (ﬂci,r ® xp, h) , (Z? o1 P 17 @ Fk) > . Definitions give

(m—1) n @m
A (zir @ T0,0) (Zt o1 P 1 @ Fk;) =

n

M
> €(s,e) <xi,81®x€,61® “ QT 1 @ Tep 4 ( > cbtkft@Fk) > =

S14eeey Sm—1=1 t, k=1
€1,y em—1=1

1

= Z €<§7 Q) H ; (bt,k <$3c—1730 ) ]—1t> <xec,1,ec 7Fk: >

where we set sg:=1, S, :=71, € ::€, em = h and
€(§7§> = (_1)27;62 ZZL:_t}Hp($3k73k+1)'p(xet’et+1) (321)

Now, the formulas defining the pairing imply that <:L‘sc_17sc ,Ft> <xec_1,ec A > =0
when s. 1 # s. or e._1 # e.; therefore, in the previous computation all relevant
signs €(s, e) as in (3.21]) actually boil down to be “+41” and eventually one gets

+o0 m
0o (Tir Ten) = Oiv 0o Z ,Qm <sz:1¢t,k<xi,iapt> <$e,e,Fk>> =

+o0 hm m =1 4.
= GipOun >~ (i)™ = iy Oen exp (hie) = GipOppe® P
m=0 1! 2
ie. Os (xw ,ZE&}Z) = iy 0up eh2 i Voi,r,t,hed{l,...,n} (3.22)

Using this formula, the deformed product in F[[G']],, can be described as follows:

a

Ty s 60 Xe,t = U¢((xT,S)(1)7 (xf,t)(l)) (xr,s)(g) (xé,t)(g) 0';1((1'7*,3)(3)7 (xé,t>(3)) =

1 _
h2 (¢T,Z d)s,t) €T Sxf :

) )

ie. Ty s 69 Lot = M2 (Bre—ds) Tr s To Vor s lte{l,...,n} (3.23)

—1
= 00 (Tryr, Ty0) T s T 04 (Tsys, Tyy) = €

Note that this formula shows how the new, deformed product is equivalent modulo
h to the old one: this happens because we work with 2—cocycles o, of the form
o, = exp (hs) where ¢ € (F[[G]]® F,[[G]])", so that o, = id + O(h). By
this same reason, any set of elements which generate, as an algebra, the QFSHSA
Fil[G]] will also generate it w.r.t. the new, deformed product. For this reason, ((3.23))
is enough to describe F3[[G']],, as the latter is generated (w.r.t. the new product)
by the z, s, just like F;[[G]] was (with the old product).

More in detail, from the original presentation of Fj,[[G ]| by generators — the z, ’s
— and relations — namely, those in Theorem — using above we find a
similar presentation of F,[[G]], by generators — the z, ’s again — and relations,
where the latter depend on “multiparameters” of the form

qrs ‘= quT’S = €ﬁ¢r,s v r,s € {1, .. ,n}
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Now, when writing these relations in detail, one finds the following outcome:

Theorem 3.2.4. There exists a unique topological k[[l])-superbialgebra F;? [[GL?]]
enjoying the following properties:

(a) it is topologically generated by {xij |z',j € In}, with parity || = pij =
p(i) + p(j), subject to the following relations:

:r;?j =0 (pij = i)
Ty xy = (—1)PPkg, (]j,_kl Tik Tij ( J< k)
Tij Thy = (—1)pijphjqj' q;’rhl Thj Tij (Z < h)
zijone = (1P a7 a5 e vy (i<h,j>k)
. - o B B 1< h
Tij Thie = (—1)Pbne qz‘:i—hl q]',kl Thk Tij +(—1)Pa (q—z‘H_qz’ 1) qj,kl Lik Thj ( j<k )

_1)p(s) _1)p(s)
where q:=¢", qy= "V =gV g, = el = e

(b) it is complete with respect to the I—adic relation, where Iy, is the two-sided
ideal of Fy [[GL%H generated by the set {:Bij — 0ij |2',j € In} U { thr?[[GLﬁ}] } ;

(c) its coproduct and counit are defined, in terms of the above presentation, by

A(ZL‘Z]) = Z (—1)pmpajl'ia ® l'aj 5 E(l’ij) == 61 V Z,] € In (324)

a=1

(d) it admits a non-degenerate pairing of (topological) k[[h]]-superbialgebras

() Fy[[GLY]] x Up(alh) ——— K[[A]]
given on generators — Vi,j,kel,, tel, 1 — by

(zij  Er) = 0i40j01 , (@i, Fy) = 801050, (2, %) = &indjp (3.25)

(e) through the pairing in (d) above, it is isomorphic (as a topological K[[h]]-
superbialgebra) to U;f(g[ﬁ)*, the linear dual to UZ(gl?) . In particular, Fif[[GL?]]
itself is a (topological) Hopf superalgebra over Kk[[A]] .

(f) it is isomorphic (as a topological K[[h]]-superbialgebra) to the deformation of
Fh[[GLfLH by the 2—cocycle o4 in (3.20)), that is F,if[[GLle = (Fﬁ[[GL{;H)
Proof. The key to the whole statement is claim (f), with the latter — and then
everything else — following from the construction detailed in §3.2.3| above.

Let now see the details. In §3.2.3 above we got an explicit, concrete description
of the deformed Hopf superalgebra (FhHGLle)% . In particular:

(1) as a (topological) k[[h]]-coalgebra it coincides with F;[[GL?]] , by definition;
(2) the original generators z;; in Fy[[GL2]] = (F;LHGL{;H)% still generate
(Fh[[GLﬁH)% with respect to its new, deformed product “ s,”;

op

(3) the link between the new product “ s,” and the old one “-” is given by
i\ +1/2
s oeten = (070a50) P g m ¥ orsGte{l, . n} (3.26)
Where q;‘?sl = eih¢7',s — qi¢r,s .

Then we get a presentation for (FEHGLﬁH)% using as generators the w;;’s (for
all 7,7 € I,,) and deducing a full set of relations among them by taking the original
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relations among them with respect to the old product and re-writing them in terms
of the new one, by means of repeated applications of .

In order to illustrate this on a concrete example, we perform the computation
to deduce the las trelation in claim (a) — where the symbol ¢ &, ” is omitted for
simplicity — directly from the last relation in claim (a) of Theorem , i.e. for
the original, undeformed Hopf superalgebra Fh[[GLﬁH . By repeated applications
of , direct calculations give (for i < h, j < k)

(3.26) ( :_h% q;]i)+l/2

Tij 6o Thi Li,j - Thk =

= qxfim Q;;/Z ((‘Upijphk Thk * Tij + (—1)pijpik (Cﬁl - qi_l) Tik xhj) =
- - i _ - 6z
= (—1)PaPnk C];rhl/Q C]Lkl/? Tpg - Ty + (—1)PPE (qi“ —q; 1) q;’rh1/2 C]j7k1/2 Tik - Thj —

(3.26) pijphe o +1/2  —1/2 —1/2 +1/2
= (-1) Qin' 95k dp; Qi Thk 60 Ty +

1y 412 —1/2 —1/2 412
+ (1) (g - i) qz’,h/ qj,k/ qi,h/ ql:j/ Tik 60 Thj =

— (_1)pijphk q;rhl qj,?cl This 6 xij + (_1)pijpik (qurl o qzl) qj;cl Tik 6 xhj
which eventually, dropping the symbols “ &, 7, yields the expected formula, q.e.d.
All other relations are obtained through a similar process. By this analysis, we

get that FP[[GL?]] = (FEHGLQH)% does fulfil claims (a), (b), (¢) and (f).

We are left now with claims (d) and (e). In fact, both follow from the parallel
claims in Theorem and a direct application of Proposition [3.2.2|(a), namely to
H :=Uy(gl?) and H* = F;[[GL?]]. g

Definition 3.2.5. We call the (topological) Hopf superalgebra F;* [[GL?]] intro-
duced in Theorem (3.1.4] above the multiparametric quantized formal series Hopf

superalgebra (or just “QFSHSA”, in short} associated with the Poisson supergroup
GLY and the multiparameter ® := (ngU)jS" € so,, (k[[R]]) - o

3.2.6. Specialisation to semiclassical limit. When dealing with the QFSHSA’s
FEHGLle and £y’ HGL%H , only one “specialisation” of the quantum parameter A
is possible, namely the one yielding the “semiclassical limits”

Rl[eLy]] = BIGL] /RG]
in the first case and
rlers]] = mrllern)] [aFr([GLy])
in the second one. One easily sees that
K[[GLY]] = F[[GLY]] and  Fy[[GL?]] = F[[GLY]]

as Hopf superalgebras over k, where F HGL]ZH is the “algebra of functions on
the formal algebraic group” associated with GL? . There is, however, a difference:
indeed, from its “uniparametric” quantisation Fh[[GLfLH the Hopf superalgebra
F[[GL?]] inherits in addition a Poisson bracket { , } — turning GL? into a
“formal Poisson group” — which is different from the bracket { , }4 inherited from
the “multiparametric” quantisation £} HGLZH . For instance, computations give

{l’ij ,l’ik} _ (_1)pijpik (_1)P(i) : {%’j >$ik}q, _ (_1)pijpik((_1)p(i) _ ¢gk)
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for all i,5,k € I, with j < k. In a nutshell, this proves that the QFSHA’s
Fy[[GLE]] and F[[GL?]] — for different ¢’s — are all quantisations of one and
the same formal group (over GL? ), but they endow this shared semiclassical limit
with different Poisson structures, depending on the different multiparameters ® .

We finish this subsection with a PBW-like theorem, that is the multiparametric
counterpart of Theorem above (which deals with the uniparametric case): in-
deed, the roof follows exactly the same line of reasoning, with the same arguments,
so we do not need to replicate it again.

Theorem 3.2.7. (PBW Theorem for Fy[[GL?]]) Let us fix any total order in

the set {xij | 1,] € In} of generators of Fg’[[GLfLH . Then the set of all ordered
monomials in the x;;’s, namely

{ ﬁ Ly

t,j€In

e EN, Vi, j€l,, e; <1 if pmzi}

is a k[[h]]-basis (in topological) of the K[[h]]-module F}* [[GL?]] . O

4. POLYNOMIAL VERSIONS OF QUANTUM GENERAL LINEAR SUPERGROUPS

In this section we introduce “polynomial versions”, so to speak, of the QFSHSA’s
considered in §3] both in the uniparametric and in the multiparametric setup.

4.1. Yamane’s polynomial QUESA’s for the general linear supergroup.
Just like in the non-super framework, from Yamane’s QUESA Uy (g[ﬁ) as in §
one can pull out a “polynomial version”, i.e. a Jimbo-Lusztig version of it: the main
difference is that, while Uy (gl%) is a formal Hopf superalgebra — over k|[h]] — its
polynomial version is instead a usual, non-formal Hopf superalgebra.

We retain terminology and notation as in § In addition, we let ]k[q , q_l] be
the k—algebra Laurent polynomials in the indeterminate ¢ with coefficients in k: its
field of fractions is the field k(q) of rational functions in ¢ with coefficients in k.

Definition 4.1.1. We define rational QUESA over gl , denoted by U, (g[fl) , the
associative, unital k(q)—superalgebra with generators

+1 +1 +1 +1
E17E27"'7En717L1 7L2 7"'7L Ln 7F17F27'-'7Fn71

n—1>

having parity |E,| := prri1 5 |L;t1| =0, |F|:=pr1, —forall rel,; and
s € I, —andrelations (forall i,j € I, 1 :={1,...,n—1}, k, £ e I,:={1,...,n})

S P )
LERLP = Ot B, | LEE LT = g g — 0 (42)
K;rl _ K;l
(B, Fj] — %W =0 (4.3)
E?=0, F}=0 if piiv1=1=piy1i

2 B 2 | T
F'F—(g+q ) EFF + FF =0 if piy1,i=0 and [i—j[=1
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[[[Ei,Ej]qj,Ek]%,Ej] =0 if pjjpi=1 and k=j+1=i+2 W
£ F,, ], Ei] =0 if pjy1;=1 and k=j+1=i+2 '
where hereafter we use such notation as
KE - (Lgl)p(i)Lgﬁ)p(M))ﬂ
[A,B], .= AB—c(-1)"""IBA | [A,B] := [4,B], o

The key fact about the superalgebra U, (g[ﬁ) is the following easy result:

Theorem 4.1.2. There exists a unique structure of Hopf k(q)-superalgebra on the
superalgebra U, (g[ﬁ) which is described by the following formulas on generators (for
aliel, 1, kel,):

ALY = Lo Ly, S(LyY) = Lf' . e(Ly') =1
AF) = FK '+1eF, S(F) = -F,K; ", e(Fy) = 0

Proof. Consider the field k((h)) of Laurent series in %, which is the quotient field of
k[[n]] . Take in k[[A]] the element ¢ := exp(h): then the subfield k(q) of k(%)) is an
isomorphic copy of the field of rational functions in one indeterminate with coeffi-
cients in k. Let k(%)) @y Us(gl%) be the scalar extension — from k[[A]] to k((h))
— of Uy, (g[ﬁ) . inside it, we consider the unital k(g)-subsuperalgebra generated by
theset { E;, L;;' :=exp(+hl}), F; |i € Iy, k € I, } , denoted by U/. Then the
presentation of Uh(g[ﬁ) by generators and relations induces at once a presentation
for U, with the given generators and with relations from through . There-
fore, U] is isomorphic to U, (g[ﬁ) as a k(q)—superalgebra. Finally, it is immediate to
see that the coproduct, counit and antipode maps for Uy, (g[ﬁ) automatically induce
similar, well-defined maps for U/, that are explicitly described on generators by the
formulas in the statement above. In particular, the coproduct map takes values in
the standard, algebraic tensor product U, ®yq) U, : therefore U — hence U, (g[fl)
as well — is a (standard) Hopf algebra over k(q), as all required conditions are
automatically fulfilled as they were by the original structure maps in Uh(g[ﬁ) .o

For later use, we need also an “integral” version of U, (g[ﬁ) , defined as follows:

Definition 4.1.3. Inside U, (g[ﬁ) , consider the elements
0 pi+1) p(i) p(i+1)
L-H_l) L»_(_l) _ L-_(_l) le'(—l)
0, = — e i+l Vi€l
q4; — g
We define integral QUESA over gl? | denoted by Uém(g[ﬁ) , the unital subsuper-
algebra over k[q,q~!| generated by { E;,L;;',0; ,F; |i€l,.1, kel }.

The following is an immediate consequence of Theorem [4.1.2| above:

Proposition 4.1.4. U(g(?) is a Hopf subsuperalgebra — overk[q,q™] — of the
Hopf k(q)—superalgebra U, (gl?) . O
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4.2. Polynomial QFSA'’s for the general linear supermonoid. Let us consider
the unital k-superalgebra ML? := Mat,x,(k) of all square matrices of size n
with entries in k, with Zy—grading given by |e;;| = p;; = p(i) + p(j) for all
i,j € I, where e;; denotes the (i,j)-th elementary matrix. This is of course an
algebraic supermonoid (=supersemigroup with unit) — with respect to the row-by-
column multiplication — whose k—superalgebra of “regular functions” is F [MLQ} =
k[{ T, j ! i,j€ [n}] , the k-—superalgebra of (super)polynomials in the Z;;’s with Zs-
grading induced by ’@]| =pi; =p(i) +pj).

Our next result provides a suitable “quantisation” of F [MLfL] , as follows:

Theorem 4.2.1. There exists a unique ]k[q , q_l} —superbialgebra F;”t [ML%] enjoy-
ing the following properties:

(a) it is generated by {wy;|i.j € L.}, with parity |z = py = p(i) + p(j),

subject to the following relations, where q, = q(_l)p(s) :

ﬁj =0 for py=1
Ty g = (—1)P7P* g w5 for 1<k
zijrny = (=1)"7P g5 wp; w5 for i<h
Tijane = (=) w1y for i<h,j>k
Tijtpe = (1) ay; + (=1)PP (g — g7 Y) war g for i<h,j<k

(b) its coproduct and counit are defined, in terms of the above presentation, by
A(Z‘l]) = Z (—].)piapajxm & Laj 6(1’,']') = 51']‘ W Z,j € In (48)
a=1

(c¢) it admits a non-degenerate pairing of k[q , q_l] —superbialgebras
() FEM[MLY] x U(gl?) —— k[q,q ']
given on generators — Vi,j, ke l,, tel, 1 — by
<$zj,Et> = 0it0jtt1 <$z’j,Ft> = Oit+105 <$ij,Fk> = 0ik Ok (4.9)
(d) it admits an embedding F;“t [ML{EJ <—>F5HGLZH of Hopf ]k[q,q_l]f

superalgebras — where on the right-hand side we consider the k[q,qil] —module
structure given by restriction from Kk[[h]] through k[q,q™'] —— Kk[[h]] given by
P(q , q_l) — P(e+ﬁ , e_h) — which is uniquely given by x;; — x5 for all i,j € I, .
(¢) Let Fy[MLE] :=k(q)®xiqq-1 Fi™ [ML?] be the scalar extension of FI"[MLE].
Then the like of claims (a) through (c) hold true as well, with k(q) replacing
k[q,q '], F;[ML?] replacing F™[ML2] , and Uy(gl%) replacing U(gl?) .

Proof. The proof mimics closely that of Theorem [4.1.2 and then deduces the result
out of Theorem . First of all, we define F;“t [MLZ;L] by generators and relations
as prescribed in claim (a).

Second, like in the proof of Theoremwe observe that e := exp(h) generates
in k(7)) a field extension of k isomorphic to k(g), hence we identify that extension
with k(g) and e with ¢. Similarly, the k-subalgebra of k[[R]] generated by e™" and
e~ identifies with the k-algebra k [ q, q_l} . Now, inside F}, [ [GL{’LH we consider the
unital ]k[q , q’l]fsubalgebra FqJr generated by the set { Tij | 1,7 €1, } of the built-
in generators of Fh[[GLﬁH . Then the presentation of Fh[[GLfbﬂ by generators
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and relations induces at once a presentation for Fqu, with the given generators and
with relations as in claim (a). It follows that F is isomorphic to F," [ML?] as a
]k[q , q_l]—superalgebra. Finally, it is immediate to see that FqT is actually a sub-
superbialgebra — over k[q , qil] — of Fh[[GLifLH : more precisely, as such it is a

standard (i.e., non-topological) superbialgebra, as the coproduct map takes values
in the standard, algebraic tensor product F| qT O, q-1] I, qT. Moreover, its coproduct

and counit are described on generators. All this proves that an object F;“t [MLZ]
as claimed which fulfils claims (a), (b), (c) and (d) does exist.

Eventually, claim (d) follows trivially from the previous ones. O

Definition 4.2.2. We call F;“t [MLZ] , resp. I [MLfL] , the integral, resp. rational,
quantum function superalgebra over ML? . o

Remark 4.2.3. It is worth stressing that F(jm [MLZT’L] and [, [MLJ;’J alike are just
superbialgebras, yet they are not Hopf superalgebras. In order to achieve such
objects, we should enlarge F;“t [ML%’;} — hence F, [MLf’J as well — by adding the
inverse of some carefully chosen “quantum Berezinian”: this goes, however, beyond
the scopes of the present work.

We have also a PBW-like theorem (an “integral version” of Theorem [3.1.7)) that

provides a k[q , qil}—basis of ordered, truncated monomials in the generators:

Theorem 4.2.4. (PBW Theorem for F*[ML®] and F,[ML?] ) Let us fiz any total
1,] € In} of generators of F;”t [ML?J . Then the set

order in the set {a:ij

B := { ﬁx;”

1,7€1In

eijEN,Vi,jeln, eijél Zf pi,j:T}

of all truncated ordered monomials in the x;;’s is a k[q , q’l} —basis of the k[q , q’l] -
module Iy, [MLI,’J . In particular, then, the k[q,qil} —module F;“t [MLfJ is free.

A parallel result holds for F, [ML;’L] = k(q) ®ulq,q-1] F;Ht [ML;’J as well, namely
B is a k(q)-basis of F,[ML?] .

Proof. 1t is enough to prove the claim about F;”t [ML%Z} , so we focus on that.

To begin with, note that F"[ML?] is clearly spanned over k[¢,¢™'] by the
set of all (possibly unordered) monomials in the x;;’s. Moreover, giving degree 1
to each generator x;; defines an N-grading on F;m [ML;”J (in a nutshell, because
the relations among the generators are “homogeneous”), with F, ;“t [ML%’J :m%fm

where each F,, is the k[q , qil}—span of all monomials (in the w;;’s) of degree m.
Thus, it is enough for us to prove that each direct summand F,, (m € N) admits
as k[q , qil]fbasis the set B, of all truncated, ordered monomial of degree m .

First of all, we prove that B,, does generate all of F,, as a ]k[q , q_l}—module.
Take any (possibly unordered) monomial in the z;;’s of degree m (€ N), say
T = Tiy i Tigjo " * Tin g - We define its weight as

UJ(@) = (m7d1,17d1,27'--7d1,n7---7d2,n7d3,1w“adnfl,nadn,l7"'7dn,n77f-<£))
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where
dij = |{se{l,...,k}|(is,4s) = (i,5)}| = number of occurrences of z;; in x
and i(z) := number of inversions of the order occurring in x

Then w(z) €N ”2+2, and we consider N"**2 ag a totally ordered set with respect
to the (total) lexicographic order <., . Now consider again the defining relations of
Ft[ML?] | namely

x?j =0 for p;=1
zij v = (=1)"P*q 3 for j<k
zijwny = (=1)P7P g5 ap; w5 for i<h
Tij xpe = (—1)P7P" 2, x4 for i<h,j>k
Tijxpy = (=19 rp xy + (—1)pijpi’“(qi+1 —qt ) Ty xp;  for i<h,j<k

as in Theorem 4.2.1|(a). We will see now how we can use them to re-write any mono-
mial z as above into a k[q , q_l}flinear combination of similar monomials having

lower weight in the totally ordered set (N ”2”, §lex) .

The very first relation just tells us that in any monomial z as above we can always,
roughly speaking, “reduce modulo 2 every exponent e;; with p; ; = 1”. The outcome
of any such “reduction step” is a new monomial 2’ whose total degree m/ is strictly
smaller than the total degree m of z: in particular, it is also w(g’ ) Sw(z).

We use the other relations, instead, to “decrease the number of inversions” in x .
Indeed, let x;; and xp, be two consecutive factors in z such that z;; = zp;, where
=< is our fixed total order in the set of all generators { Trs ‘ r,s € In} .

First assume that h =1 and j < k: then using the second relation in the above
list we replace the factor “w;;z;” in x with the new factor “(—1)"""*q; x;p x;; 7.
Then, pulling out the contribution “(—1)"""*¢;” we and up with z = (—1)"""*¢; 2/
where 2’ is a new monomial with w(2') Sye, w(z), because we have i(2') S i(z)
in the last component of the two weights, whereas all other components are the same.
If instead we have h = ¢ but j > k, then the same argument — but for reading
the same relation the other way round — gives us z = (—1)""*¢; ' 2/ where 2’ is
a new monomial such that @(g') Si(z) and w(g’) Stex w(z ), just as before.

As a second step, assume that k = j: then again, a perfectly similar argument,
now using the third relation in the list, yields z = + qj.ﬂg/ for a suitable choice of

signs with z(g’) S i(z) and w(g’) Sier w(z) again. The third step is for i < h
and j > k: in this case one uses the fourth relation and finds x = +2’ with
z(g’) S i(z) and w(g') Stex w( ). Moreover, reading the same formula the other
way round, one gets a parallel result in the case when h < i and k > j as well.

Finally, we are left with the case when ¢ < h and j <k or h <i and k < j; we
start looking at the first case. Using the fifth (and last) relation above, we can replace
the factor “x;; xp,” in z with “(=1)"9P* g, 2 + (—1)”””““((]?1 —q! ) Tt Ty
it follows then that

r = (_1)Pijpik£/ (_1)Pijp¢k(qi+1 - qi_l ) @”

where 2’ and z” are monomials such that z(g’) Si(z) and w(g’) Stex w(z) and
also w(g”) Stez w( ), just by construction.

Now, in all steps considered above, the initial monomial x is always re-written as
a k[q , q_l]—linear combination of (one or two) monomials whose weight is strictly



22 FABIO GAVARINI , MARGHERITA PAOLINI

smaller than that of z. Therefore, by induction we can assume that those monomials
do belong to the k [ q, q’l}fspan of B,, , and then the same holds for x as well, q.e.d.

We are still left to show that the monomials in B,,, are linearly independent over
k[q , q’l] . Indeed, we can prove that by a standard “specialisation trick”.

First of all, we note that F;”t [ML%’J ,as a ]k[q , qil]—module, is torsion free: this
follows at once from the existence of the embedding F;"* [ML?)| —— Fy[[GL2]],
see Theorem . It follows then each ]k[q , q_l]fsubmodule Fom is free as well.

Now assume that ),z c,b = 0 is some k[q , q_l]flinear dependence relation
among elements of B,, , with ¢, # 0 for some b € B,,,. Since F,, is torsion free, we
can assume that & := ¢, mod (¢ — 1)]1§[q ; q_l] is such that ¢ # 0 for some b €
B,,, . Then the relation ZbeBm ab =0 in F, ( - F;”t [ML;”LD yields Zﬁio b =
0 in F[ML?], where b denotes the coset of b modulo (g — 1)F"™[MLZ] : but this
is impossible, because the b’s are just the truncated monomials in the T;;’s, which
form a k—basis of F[MLQ} . Thus B,, is k[q , q_l}flinearly independent, q.e.d. [J

4.3. Multiparametric QFSA’s for the general linear supermonoid. Just like
we did in the uniparametric case, we can introduce suitable (polynomial) QFSA’s for
ML? in the multiparametric case as well. To this end, we fix a first indeterminate

n

q and a whole antysimmetric matrix q := (qw)zg of further indeterminates (so

that g;; 4+ ¢ = 0 for all i < j): we let k[g*!, '] := k[{qil,qil jEI"] be the

i Sier,
associated k—algebra of Laurent polynomials, and k(q,q) := ]k({q , q;—;-l }E") be
the associated field of fractions.

The following result is the announced multiparametric counterpart of Theorem
its proof is entirely similar, hence it is left to the reader.

Theorem 4.3.1.
(a) There exists a unique k[q*', q*'] ~superbialgebra F""[ML?] such that:

(a.1) it is generated by {xy;|i,j €1}, with parity |zy;] = py; == p(i) +p(j) ,

subject to the following relations, where q, = q(_l)p(s) :
vy =0 (py=1)
vy = (1) qi g5 ma (j<k)
vy any = (1) q; 0.0 wh (i<h)
Tij Thk = (‘Dpijphk q:rhl q]'jk;l Tkh Tij (l <h,j> k)
y _ Dk Z1y - 1< h
Tijrpe = (—1)79P q;;} C]j,kl Thk Tij (=P (¢ —q7) q]‘7k1 Tik Thy ( i<k )

(a.2) its coproduct and counit maps are defined, in terms of generators, by
Azy) = Zl (=D @ xe; (i) = 0 Vi,jel, (4.10)

(b) Let Fq[ML?] = k(q,q) Qug=1, gt Fjre [ML?] be the scalar extension of
FIt[MLP] . Then the like of claims (a) through (c) hold true as well, with k(q,q)
replacing k[qﬂ,qﬂ} and Fy [MLfJ replacing Fém [ML{’J .



MULTIPARAMETER QUANTUM GENERAL LINEAR SUPERGROUP 23

Definition 4.3.2. We call F(;”t [ML;”J , Tesp. Iq [MLQ] , the integral, resp. rational,
multiparametric quantum function superalgebra over MLY . o

Remarks 4.3.3.

(a) Let us choose a field extension k' of k, and an antisymmetric matrix ¢ =
(¢te)f::: € 50, (k'[[A]]) such that the set { e"%ut :=exp(hgy,) |t <} U{e":=
exp(h) } i7s 7algebraically independent over k. Let F}’ HGLQH be the corresponding
multiparametric QFSHA over K'[[A]]. Then, by its very construction, F"[ML?]
comes equipped with a canonical embedding

ML) —— FH([GLI]] . wy—ay (Vijel)
which extends the embedding k[qil, qil] —— K[[A]] of their respective ground
rings given by c+—c (Veek), ¢t — e, qf;-l — eth0uil2 (Vi jel,) .

Now, through this embedding, one sees that qu“t [MLQ] also admits a canonical,

non-degenerate pairing which is the multiparametric counterpart of that in Theorem

4.2.1)(c), and is described in fact by the very same formulas. Unfortunately, the
definition of the “multiparametric counterpart of U;“t(g[ﬁ)” is somewhat tricky, so

we do not delve into details any more. Similar remarks apply to Fy [MLZ] as well.
(b) Here again, we stress that both F "' [MLE] and Fq[ML?] are just k-superbial-
gebras, but not Hopf superalgebras. Again, to get Hopf-like objects one should en-

large those superbialgebras by adding the inverse of some carefully chosen “quantum
Berezinian”, which goes far beyond the scopes of the present work.

4.3.4. Multiparametric QFSA’s as 2—cocycle deformations. It is worth
stressing that one can also obtain F(;”t [MLQ] , resp. Fy [MLQ] , from its “unipara-
metric counterpart” F;”t [ML%‘,’J , resp. Iy [MLZ] , directly via a process of deforma-
tion by 2-cocycle, after an initial extension of scalars. We present the construction
for F [ML?] , from which that for Fy[ML?] follows too, e.g. by scalar extension.

Let F." [ML%’J = kg™, q™] Qi 41 Ert [ML?] | with its built-in structure

of k[ +1 ]fsuperbialgebra' then let us extend again to the larger superbialgebra
Fq\’/?[MLfJ = k[qil/quil/ﬂ g Fmt [MLp} where k[qi1/2 qﬂ/z] is the
extension of ]k[ 1 g*!] obtained by taking formal square roots ¢*'/? and qil/ 2 of

¢ and of ¢;' (Vi,j € I,). Due to Theorem m the set of truncated ordered
monomlals (Wlth obvious abuse of notation)

_ €ij
= { ﬁxij

is a k[qﬂ/z ﬂ/z] —basis of F\/H [MLP} . Then we use this k[qﬂ/z, qﬂ/z]—basis
to define a map o, € <Fq\7iﬁ [ML?J ® Fq@ [ML;’LD by setting

aq,( ﬁxie]-;j, ﬁ e,,> = [ de 00er 0 H q,,gr s (4.11)

. 'U’ @5’
i,j€In 1,j€In i#j r,s=1

Then this o, is a 2—cocycle for the Hopf algebra F, q\,/init [MLﬂ , in the usual sense: in-
deed, if we pick the embedding F™ [ML?] < Fy,[[GL%]] in Theorem3.1.4|(d) and
extend it to an embedding Fﬁ [ML?] ——— k[¢*'/?, q*'/?] ®  F[[GL?]]

k[gt1/2,q=1/2]
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(via scalar extension), then the o, defined by (4.11)) is nothing but the restriction to
Fq\’/?t [ML?] of the 2—cocycle oy, of k[qil/Q,qﬂ/Q]k[ +1/(2® 71/2]}7&“(;[/%“ given (via
qt/2,q
scalar extension) by (3.20) in §3.2.3| — in particular, then, the latter is a 2—cocycle
just because the former is.
Using the 2—cocycle o4 of Fq@ [MLZ] we can construct the deformed Hopf su-
peralgebra (Fq@ [ML%’;D . Then, repeating the analysis made in §3.2.3[ and in

(o)

the proof of Theorem m (up to minimal changes) we find that

Claim: <Fq@ [MLfJ) has the structure described in Theorem |4.3.1

0P

but for the scalar extension from k[¢=, q*'] to k[q*"/?,q*'/?].

Finally, at this point FJ"[ML?| identifies with the k[¢*', q*!] subalgebra of
(Fq@ [ML%D generated (once again!) by the z;;’s. Therefore, in force of the
0P

above Claim , we can loosely say (just neglecting any intermediate change of scalars
step) that

“Fqiﬂt [MLZ] is a 2-cocycle deformation of Fént [MLﬂ 7.

and a similar claim also holds true with Fy [MLﬁ] replacing F(;'Ht [ML%} and
F,[ML?] replacing F™ [ML?] .

The following “multiparametric PBW theorem” (an “integral version” of Theorem
D now provides a k[qil, qil]fbasis of ordered (truncated) monomials:

Theorem 4.3.5. (PBW Theorem for F,"[ML?] and Fq|ML?]) Let us fiz any
total order in the set {xi]- ‘ 1,7 €1, } of generators of Fefm [MLZ} . Then the set

B = { ﬁxf]”

1,7€1n

ei; EN, Vi, 5€l,,e; <1 ifpz',j—l}

of all truncated ordered monomials in the ;s is a k [¢**, q*'] ~basis of the k[ q,q7'] -
module Fq[ML?] . In particular, then, the k[¢*, q*'| -module FJ**[ML"] is free.

A parallel result holds for Fy [ML%} = k(q,q) ®xgt1,q21 F‘;“t [ML{JJ as well,
namely B is a k(q,q)-basis of Fq[ML?] .

Proof. One can mimic the proof of Theorem [£.2.4] mutatis mutandis. We will follow,
instead, a different approach. Once again, we prove the statement for F(;”t [ML%] ,
from which that for Fy[ML?] too follows at once.

In short, the claim follows at once from the fact that F™ [ML?] is (up to details) a
2—cocycle deformation of F, qj“t [ML’,’J . Now, formula together with the analysis
performed in § (with minimal, irrelevant changes to adapt it to the “polynomial
setup”) show that, through the deformation process, every monomial in B for the
deformed algebra (i.e., w.r.t. the new, deformed product) coincide with the same
monomial in the undeformed algebra (i.e., w.r.t. the old, undeformed product) but
for a coefficient which is a monomial in ¢*'/? and in the qil/g. Thus, the fact that
they form a basis in F;m [ML;”J implies that they form a basis in F(;'”t [MLﬁ too.

Indeed, to be precise, the above proves that the following. With notations and
assumptions as in , the fact that the truncated, ordered monomials (for the ini-
tial product) form a basis of F| ;“t [ML?J implies the same statement for the extended
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superbialgebra F q@ [ML?J — which is obvious — and then also that the similar
monomials, with respect to the deformed product, do form a basis of the deformed

superbialgebra (f«ﬁq‘/i”7 [ML%]) . In particular, these monomials are linearly inde-
[og'

pendent over ]k[q .qtY 2} , hence also over k[qﬂ, qﬂ} inside F(;”t [ML?J , iden-

tified with the k[¢*', g*']-subsuperalgebra of (Fq‘/th [ML%]) generated by the

0P

+1/2

z;;’s (see §4.3.4). On the other hand, these monomials also span (Fq‘/i”7 [MLﬁ])

leg
over k[qil, qﬂ_ , by the same argument we already applied in the “uniparametric”
case of F,™ [ML?] — cf. the proof of Theorem m — hence we are done. i

4.3.6. Specialisations of integral QFSA’s. Let us consider “integral” QFSA’s

Fint [ML?] and Fjrt [ML?] . Let R be any k-algebra, and let x :k[q,¢"'] — R

and (S k[ + il] —— R be k—algebra morphisms. Then the R—superbialgebras
F[MLY] == R ® FM™[MLY] . Fpi[ML?] := R ® FI™[ML?]

Klg+L,q-1] ¢ ’ kgL, qt1] 2
given by scalar extension — via y and via 1, respectively — can be legitimally
called “specialisations” of F/™[ML?]| and Fj"[ML"] , respectively.

When x(¢*') =1, we have Fj" [ML?] = R®y F[ML"] as Hopf superalge-
bras over R: in addition, F' [MLm inherits from this “uniparametric” quantisation
Fint [ML?] a Poisson bracket { , } which makes ML? into a Poisson monoid.

Similarly, when w(qil) =1= w(qiﬂ;l) for all ¢,7 € I,, then we find again
that F g:;m [MLfJ = Ry F [MLfJ as Hopf superalgebras over R. In addition, if
¥(qij) = (¥(q))™ for some z; € Z, then a Poisson bracket { | }, 18 canonically

defined on R ® F[ML"] , which makes ML? into a Poisson monoid whose bracket
depends on the “multiparameter” encoded by ).

4.4. Comparison with Manin’s work. We conclude this work with a quick com-
parison between our multiparameter quantum general linear supergroups and those
considered by Manin in [Ma]. More precisely, the latter are multiparametric quanti-
sations of F’ [MLp } that we denote by Fy' [MLP ] : they are generated by elements
zij (1,7 €1,) Wlth relations depending on an antisymmetric matrix of invertible pa-

rameters (qzj) . Therefore, we are naturally led to compare any such F' [MLP ]
with our polynomlal multiparametric QFSA’s Fy [MLZT’J .

Beyond the first-sight similarity of their own constructions — as both (super)alge-
bras have essentially “the same” set of generators and relations depending on the
same set of parameters — same extra similarities also show up in some of the
relations between generators. One then might be led to guess that, up to suitably
re-writing some relations (in either one of the two presentations, or in both), one can
eventually achieve the same kind of presentation for both algebras, thus concluding
that they are isomorphic, at least as (super)algebras. On the other hand, failing to
get this would not allow us to deduce that the two are non-isomorphic either.

Nevertheless, there is another difference which seems to be a major “obstruction”
for 73! [MLfJ and Fy [MLfL] to be isomorphic as superbialgebras. Indeed, the gen-

erators z;; of Fg' [ML?] and the generators z;; of Fy[ML?] behave rather differently
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with respect to the coproduct, namely (for all 7,5 € I,,)

Alzig) = Y jorZin ® 2k and Awij) = Doy (=D Pz, @ g

Although this is not a conclusive argument, it certainly drives us to guess that
Fq [ML?] and Fyq[ML®] might indeed be non-isomorphic.

APPENDIX A. FURTHER DETAILS FOR

In the present Appendix we present the details of the intermediate claims which
were left unproved in the construction of Fj,[[GL?]] in §3.1.3|

Proof of (4—a): Proving <1 ,p> = 0 is trivial, while the second case is a sheer
matter of straightforward computations. In detail, direct calculations give:

—for p=11,— 1,1} we get

<£L’ij,FkFg—Fng> = Z(—1)piapaj<xia®$aj7pk®FE_F£®FI€> =

=1

= S 0 (w0 1) (g 1) = (10 (g T3 ) =

a=1
n
= > (—1)Pebw <5i,a,k,e,j - 5i,a,k,e,j> =0

a=1

Q

e. :=11if g =---=e; and 0., ., =0 otherwise;

.....

where hereafter we write 9.,
—for p=IE, — E,. I}, — (0, — Ok, r41) B we get

(255, Tk By = By T = (B = Or1) Br) =

= (i( Pzapaj<$za®$aj,Fk®E E, ®Fk>) 5197" 5k,r+1)<xij7Er> =
= ( z ((_1)Piapaj<xm , Fk> <xaj , ET> —

a=1
o (_1)(Pi,a+pr,r+1)l’a,j < Tiq ET> <Iaj , Fk>>> -
— Ok = Okrr1) (i, By) =

n
( Z (( )pwpaj 51 ,a,k 5a+1,j,r+1 - (_1>(pi’a+pryr+l)pa7j5i+1,a,r+1 5a,j,k)> -

a=1
- <5k,'r - 6k,r+1) 6i+1,j,r+1 -

= ik Oit1j0+1 — Oit1j+1 0k — (Opp — Oprg1) Oig1grsr = 0
and a similar computation for p = I, F, — F. Iy — (0, — Og41,,) Fr yields also
<xij7FkFr_FrFk - (6k,r _5k+1,r)Fr> =

€+7LHT _ethT

—for p = E, F, — (=1)PrtPteF B — 5’*# , we split the compu-
" : eHhHy _ o—hHy

tation, with <xij 7Er FS _ (_1)Pr,r+1ps+1,SFS Er> and <xij R (Srsﬁ > dealt

(o
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with separately. For the first term we get
Pr,r+1Ps ,S _
<Iij,ErF5—(—1) TPt FSET> =

= 3 (—1)Piapei <$m ® Loy, Br @ Fy — (=1)PrriPie B Er> =

)
—_

_ <(_1)(p¢,a+Pr,r+1)Pa,j <37ia ’ Er><$aj , F5> -

a

I
—

_ (_1)(p5+1,s+pi,a)pa,j+pr,r+1ps+l,s <x@a , F5> <:Caj , ET>> —

I
NgE

(Pi,a+Prr+1)Pa,j
<(—1) PR 641,00 O+ 05 —

I
—

a

(Ps,s+1+Pi,a)Pa,j+Drr+1Ps+1,s _
- (_1) ! 5i,a+1 6s,a (sa,r 5a+1,j -
_ (pr,r+1+pr,r 1)p'r+1,7‘ Dr,r 1+pr 1,r pr,r+1+pr,r+1pr+1,r _
B ((—1) * 0ij Ops s — (—1)Prratprins) 0iyj Or,s Oijry1 ) =
Pror+1
5i,j 57‘,5 <6i,7’ - (_1) nr 5i,r+1>
and for the second we find
< 5 othHr _ o—hH:
Lij 5 Ors =
1 -1
1_}— — 4,
e (D" 00— (1P S ) o= h ()8 = ()P )

= 0 0 =
r,s Y, 6+h(_1)p(r) . e_h(_l)p(r)

_ 5i,j 57",5 (5i,r _ (_1)pr,r+16i7r+1)

hence eventually direct comparison yields the result we were looking for;

— for the last cases, we need repeated applications of some intermediate formulas:
the first one is

<mij ) E’/‘Es> = 6i, r,s—1,7—2 (Al)
that follows from
<xij ) ETES> = <A(xl_7) ) E.® Es> =

= i (_1)piapaj <$ia X Lqj 7E7’ & E8> =

a=1

— (_1)pi,apa,j + Pa,jPr,r+1 <xm : Er> <$aj 7Es> _

n
a=1

(pi,a + pr, T+1)pa,' _
(_1) ! 61’,7‘ (5a,r+1 5(1,5 5j,3+1 -

n
a=1
_ (_ 1)(pi,i+1+pi,i+1) Dit1,i+2 5

i,r,s—1,j—2 —

_ 0-pit1,it2 _
= (=1)""0, s 152 = Vi1,

It is the easily seen that (A.1)) implies <xij ,p> =0 when p = E? asin (2.4)
or p = [E;,Ej| asin (2.5) — for the “E-half” of either formula: a similar analysis
takes care of the “F—half” case as well.

The second intermediate formula is

<xij>ErEsEt> = Oi,r s—1,t—2,j-3 (A.2)
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which is the output of the following calculation:
<xij ) ErEsEt> = <A(IL’”) ) ErEs & Et> =

= Z (_1)pmpaj <xia & Laj , ErEs ® Et> =
a=1
— Z (_1)(pi,a+pr,r+1+ps,s+l)pa,j <513ia ’ ErEs> <xaj : Et> _
a=1
= Z (_1)(pi’a—%phrﬂ—’—p&SH)pa’j (Si, r,s—1,a—2 5a,t 5]) t+1 —
a=1

_ (_ 1)(pi,i+2+Pi,i+l+pi+1,i+2)pi+2,i+3 5

i,r,5—1,t—2,5—-3 —
= (—1)0']3”2’”3 5i,r, s—1,t—2,j-3 = 51’,7«, s—1,t—2,5-3
It is clear then that (A.2) implies <xij ,,0> = 0 for every p as in the left-hand

side of (2.6)) concerning the generators F,: a parallel analysis takes care of the
“F—part” of that same formula as well.

The third intermediate formula is
<$ij 7ErEsEtEv> = i, r,5—1,1—2,v-3, j—4 (A.3)
which comes out of the following computation:
<13z‘j 7ErEsEtEv> = <A(mij) E.E.E, ® Ev> =

= 3 (1P (20 @ 10y, By BB, ® ) =
a=1

n
(_1)pz,apa,J+pa,jpT,T+1+pa,jps,s+1+pa,gpt,t+1 <l‘ia , ErEsEt> <xa] , Ev> —
a=1

n
(Pi,atPrr+1+Ps,s4+1+Pa,jPt,t41) Pa,;j _

<_1) nernn . “7 “7 5i,r,571,t72,a73 5a,v 6j,v+1 -
a=1
— 1) Pt Piit1Pit L2t Pit2,i43) Pits,ita 5. o
— (_ ) i,r,s—1,t—2,v-3,7—4 —

= (—1)0'17”3’“4 5i,r,s—1,t—2,v—3,j—4 = 5i,r,s—1,t—2,v—3,j—4
Then from (A.3)) one easily deduces that <:cij ,p> = 0 for every p as in the
left-hand side of (2.7)), first line — i.e. the one for generators E;: a parallel analysis
takes care of the parallel case where the F’s play the role of the E’s as well.

Proof of (4-b): The fact that R be a coideal in U, is equivalent to the fact

that the quotient topological k[[A]]-superalgebra U, / R be in fact a bialgebra, with

coproduct and counit given as in Theorem [2.1.4] But that result stands true, hence
we deduce (somewhat backwards) that R is indeed a coideal in Uy, qed.

If instead one wants to go through a direct proof, showing that R is a coideal,
then again this is a matter of sheer calculation. In detail, computations show that
the generators of the form

Dhe = Iy — I, Ty,
B = [, B)) = (1 — Oyer) B
Ez'2 (With Piit1 = 1)
Eyj == E}E; — (¢+q ") E;E; E; + E; E} (with p; i1 =0, [i—j|=1)
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one finds that they are skew-primitive, namely
A(Lie) = Ly ®1 + 1@ Iy
My _ W ; ()
AEy)) = By o1+ et @B
A(Ef) — -E,L'2 ® ]. + €+2Hi ® Ei2

A<E7,,]) — EZ,] ® 1 + 6+2ﬁH—L+HJ‘ ® E’LJ

The remaining generators are treated similarly, with similar outcomes. Overall, this
eventually allows to conclude that R is indeed a coideal, as claimed.

Proof of (5-a): Proving that <7] , 1 > = 0 is trivial: for every possible ) from the
first four lines in , in each product of the form z,,x; there is always r = s
or £ =1, hence <a:rs Te 1> = e(azr,sxu) = €(xys) €(xyy) =0, that is enough to
%n ,1) = 0. The same holds as well for the 7’s from the fifth (and last) line in
(3.15)), but for the cases when i =j and h = k: but then we have

DijPhk Pij+pin+p(7) ( eth e—ﬁ)

<{L‘ij Thi — (—1) Thk xij — (—1) Tik :L‘hj, 1> =
= elwa) eam) — (1) elwm) eza) — (~) PO (e e(in) elan) =
=1-1-— (—1)pij+pi’“+p(i)(e+h—e’h) Sinlni = 1—1— (e+h—e’h)0 =0

As to proving <77 , 7> = 0 (for all n’s and all 7’s as mentioned above), we proceed
in steps. To begin with, direct computations give

(ijom, By ) = (@ @ap, A(E,)) =
= (2@, B, @1+ QE, ) =
= <xij®whk7Er®1> + <5Eij®90hk, e thHr ®ET> =
= (—1pren (s B (o 1) + (ag, e ) (o By ) =
= (=L)PrrtPRE S i1 0k + 04 gD (17 i) Onj—1,r =

+h((—1)p(’">5¢,r—(—1)p("+1)5i,r+1) Y ‘5hk .
2, SR—LT

(A.4)

= 0irj—10nk + €
for v = F,, then
(wijaone, Iy ) = (2 @ap, AlL)) = (2 @ap, [, @1+1Q 1) =
= (@i, Lo ) (e, 1) + (@, 1) (o, Ty ) = (A.5)
= 0is0js Onk + 0ij Ons Oks = 0ij Ok (0is + Ops)
for v =TI}, and finally
(ijan, Fr) = (@i @ape, A(F,)) =
= (2@, F,@e ™ +10F,) =
= (2 @am, F, @™ ) + (z;@am, 10 F,) =
= (0P g ) (o e M) 4 (g, 1) (one, B ) =

o —n((=1)PM§, —(=1)Pr Vg,
_ (_1)10 r+1Phk 51,_1”7], 5h7k€ ((=1) hr—(=1) 1) + 5i,j5h—1,r,k _

(A.6)

—h(s —(=1)Pr,r+1§ ”
= Oi1,pj Opp e MO =D mrit) 6 5 Opt

for v = F,.. From all this we get the following:
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If If pj =1 1, then i # j, hence - - and - ) give
(z5.B:) =0, (aj, L) =0, (zj.F) =
so we are done with the generators of J of the form n = :L‘ - with p; = 1.

If y <k, then — applied twice — gives

<5Uij i, — (—1)PP" €+h(7l)p(i) Tik Tij , By > =
— i1 05k + o (=175 —(=1)PT V6, ) 8t Gity —
_ (—1)yper (1P Y - AI(=1P8,,—(~1)P0D6,) 5 i) =
= ij-1kr + et (-1 Oi j k—1,r —
— (=1 et 1P (57;,j,k—1,r + et 0ij—1 k,r) =
= 04 e s — (1) P s 40 =
- <1 - (—1)6> eV Gk, = 0
which yields (n,v) = 0 for n=z; ;) — (—1)""* eth (=P T px;; (With j <

k)and v=FE A.5) and ([A.6)), respectively
— take care of the cases v =1 and v = F, alike.

If i <h, a similar analysis to the previous one proves (n,v) = 0 for n =
Tij Thy — (—1)pijphje+h(*1)p(])xhj z;; (with i<h)and y=E,, y=1I5 or y=F,.
If i<h and j >k, then from (A.4) we get

(ijaope — (=1 gy By ) =

o Th((-1 P(M&ir* 1 P(T+1)5iT
S R I ARSI S N

— (=1)"9P" (Opyr k10 + et (P00, = (P ) 5 i-1)

+h((=1)PM§; . —(=1)Pr Vg,
= Gip o1 Op s + eTHEDT0 = w41 ;i Ohyr k1 —
DiiD DiiD, _,’_r -1 P(T)a - —1 p(r+1)6 »
_ (_1) JjPhk 5h,r,k—1 5z‘,j _ (_1) ijPhE o 1 ((—1) hr—(—1) h, H)(Sh k(;z‘,r,j—l —
= 0i,r,j—10nk + 0 jOnr k=1 — Onrk—10i,; — On k0irj—1 = 0

which yields (n,v) = 0 for n = zyjap — (1) xppay; (with ¢ < b and

j > k)and v = E,. Then similar calcutations — using (A.5]) and (A.6)), respectively
— settle the cases v = [ and v = F, alike.

If i<h and j <k, then from (A.4) again we get

(xijap, — (1P apy ayy — (—1)PPtPO (eh o=l g g B =

= iy i1 Opp + POV D ) 5

_ (_1)pijphk (5h, I 5i,j + €+h((*1)’)(”5h,r*(*1)p(r+1)5h,r+15h’k 5i,j 1 7") _
_ (_1)pijpik+1”(i) (e+h _ e—h) Oivr k1 0n.j —

pijPik+p(d) [ _+0 —B\ +h(=1)PM§; . —(=1)P D,
— (—1)Piri ()(6 — e )6 ((=1) r—(=1) ’+1)5z‘,k5h,j—1,r _

= Oirj10nk + 04 Onk—1,r — (=1 (Sprea1 i + OnnOijor,r ) —
B (€+h . e—h) (_1)pijpik+l7(7;)(5i’nkil 5h,j _ 5i,k (5h,j71,r) _
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= Girj—10nk + 0i jOn k—1,r — (—1)0 On,r k—10ij — (—1)0 On, k0, j—1,r —

_<e+h_ efh)<_1)pijpik+13(i) 5@,771’]671 5h,j + (€+h _ e*h)(_l)pijpik'i'p(i) 5i,k5h,j71,r =0

where the last identity follows because we have found an element (looking at all
possible values of the Kronecker ¢, ,’s) of the foorm A+B—-A—B—-C—D , where
the last two summands are C' = 0 = D since the various restrictions eventually
force i<h=j<k=i4+1and j<k=1<h=7j4+1, which both are impossible.
Thus for n =z xp — (1) a0, — (—1)p“+pi’“+p(i) (e —e™) iy, xp; (with
i<hand j<k)and v=FE, weget (n,v) = 0, as expected.

Parallel calculations, using and , work for v =TIy and v = F,. too.

Proof of (5-b): We prove that A(n) € J @ F,+F,®J by explicitly computing
A(n), for every generator n of J as in ([3.15]).

For n=ux} — with p; =1 — computations give

2
A@l) = Ay) = (S ()P Pa o) =
— Z,k:l (_1)pihphj(_1)pik Pkj (xih ® xhj) (mzk ® $kj) —
— Z,k:l (_1)pihphj(_1)pikpkj(_1)pz‘kphj Tih Tik ® Thj Thj =
= Zu=1 (=1)repe %23 ® %23 +

Dih Phj + Pik Pkj + Pik Phj
+ D k= 1(( L)PenPha TP PRI TPRPRT iy T4 @ Xy Tpy +
h<k

+ (_1)17116 Pkj T Pih Phj T Pih Pkj . xzk -/L"Lh ® .,L.k] xhj) —

= Y ()P ag @ 37z2g +

+ Z%’f:kl (_1)pih Phj+Dik Pkj ((_1)1% Phj Tin Tik ® Thj Tkj +
<

Pih Pkj _
+ (=1)"" P gy, 4, @ gy Ihj) =

= Z[ 1 ( )pzfpl] mw X 37@ + th 1 ( 1)pihphj+Pikpkj «
<k
X <(—1)Pz‘k Dhj Tip Tik Q@ Thj Ty + (_1)Pihpkj Tig Tip @ T xh])

where we took into account that p;; = 1 means that either p(i) =0 or p(j) =0,
hence p;; = 0 or Dij = 0 for all ¢.

Now let us consider the summands occurring in the last two sums above:

— in the first sum, each summand (—1)"*" 27 ® x7 obviously belongs to
J@F, +F,® J, because pi; = 1 implies that either p;y = 1 or py; = 1 and
accordingly it is x5 € J or 2, € J; hence we are done.

— in the second sum, we re-write each tensor factor x;, x; and xp; xi; as

2 (@) A (@) 4 ()

TinTik = Vpg T Chk Tik Tin ThjTr; = Vg T Chp Thi Thy
2 (% ihDi _1)p@)
where we set 7,(;’,2 = Ty Ty — cfﬂz T T € J with chk = (=1 )PPk th (1P g
S < (7 D _1)p(d)
similarly also 'y,(fk) = Tpj Xy — c,(l,z T Th; € J with c,(L,z i= (—1)PriPrigth(=1)

— cf. (3.15)). Then the contribution to the (h, k)-th summand in the second sum
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that occurs in the last line above can be re-written as

(—1)Pinbns <’Yf(2 ® A + A ® & whj Ty + o T Tty @ VY > +

Pik Phy A1) () PihPkj
+ (=1)PEPr G0 e wa xin @ g xny + (1P @ 2 @ g Ty

with the first line obviously providing an element in J ® Fj, + F, ® J , while the
second provides to the overall sum the following contribution
(_1)pikphj +PinPik +Phjpkj6+h((—1)p”)+(—1)Pm) Ti Tin ® Tp; Th; +

+ (=1)P"PR g iy @ Xy gy =
(_1)pih Dkj ((_1)1% Pkj + Pik Phj + PihPik + PhjPkj +1 )

Tik Tip, @ Tpj Tp; = 0

where we exploited the facts that p; =1 implies both (—1)" @4 (=1 =0 and
Din Pkj + Dik Phj + Pin Pk + DnjPrj = Pij = 1. Tiding everything up, we find that
the second sum also belongs J ® F; + F; ® J, and we are done.

For n = x;jxy — (—1)"7"* e+h(_1)p(i)xik x;; — with j <k — we compute
A(n) = Awyjag — (—1)P9P et (0P g vij) =
_ < SO ()PP, @ Jitj) ( S (= 1), @ $e1€> B
t=1 =1

o (_1)mjmk e+h(_1)z>(i> ( Z(_l)pitpthit X xtk) ( E(—l)piepéjxw ® ﬂffj) _
t=1 /=1

= Do A+ Z%@l (Big+Ciy) + 2opoy Ap + Z%@l (Bly+Cly) =

= S (AL +AY) + 22@1 (Bi,+Ciy+ Bl + CYy)

where we used notation (for all h,t,¢ € I,, :=={1,...,n} with ¢t </¢)

A, = ()P @ g
Alfi — _(_1)pijpikeh(—1)l7(i) (_1)pihphj xfh ® Tk, T
;g — (_1)Pitptj+piéplk+piéptj Tit Tig @ Tyj Top
é:g — _(_1)pijpik eh(_l)p(i) (_1)pimtk+piemj+pmptk Tit Tie @ Tyk Ty
278 — (_1)piép1’.,j+pitptk+pitp€j Tio Tip @ Tj Tk
t/:e — _(_1)pijpik eh(—l)”(i) (_1)piéplk+]?itptj+pitplk Ti Tip @ Tgp, T

Now, note that A}, A € J @ F,+F,® J (for all h) so that the first sum in
the expansion of A(n) — namely 777 (A, + A}) — belongs to J ® Fr4+FreJ.
As to the second sum, we fix more notation. Given X.,Y € Fj, let us write
X =7 Y if X is equivalent to Y modulo J (in F,, ), Similarly, for any Xg , Yy € IF‘;?Z ,
we write Xg =gz, Yy if Xg is equivalent to Yy modulo Jg := J ® Fr+Fr®J.

pitPie i (—1)P®

Now, definitions give wzyx;y =7 (—1) e vy (for t < ), which implies

/ — pitpie h(—1)P®) DitPtj+DiePek+PiePts
Bt,e =Js Lit Tit ®((—1) itPil o (-1) (_1) itPtj tj Tt xék)

Ze = TiTi 2 (_ (_1)pitpi£€2ﬁ(—1)p(i) (_1)pijpik(_1)pitptk+pi£p€j+17i£ptk Tk xej)
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Bundling everything up, we find that, in the second sum in the expansion of A(n),
the (¢, ¢)-th summand fulfils

!/ ! " 1 _ !/ / " /!
Bt,z + Ct,z + Bae T 0 =gy TuTit @ (bt,ﬁ +Cppt Dyt Ct,é) (A7)
with
. I s _1)p(i)
2,@ = (_1)pztpzeﬂmpz]+pmpek+pzept,7 6h( 1) Ty Top
. . ) ) 4. _1\p(®)

ZZ = _(_1)pztpz£+pszzk+pztptk+pz£pZJ+pzéptk 62h( 1) Lok, Toj
C%g = (_1)piépéj+pitptk+pitplj Tej T =g (_1)Pizpej+pitptk+pitpej+ptk125j Tik Toj

"o PijPik+PiePek+pitpej+pitper h(—1)PH

Cre = —(—1)PheT itPei HPitbek oh(—1) Tk Ttj

where in third line we used the relation xg; xy, =7 (—1)"*" x4y, 245 . Also, we have
Ty Ty =g (_1)ptjpék Ton Tyj + (_1)ptjptk+p(t) ( eth e—h,) Tok Ty
Using this to re-write bj , along with the formulas, we find that
:s,z + i+ :f/Z + ¢y = KpeTe Ty KL Tk Ty (A.8)

where the coefficients are given by

/i; ) = eﬁ(—l)p(i) (_1)Pitptj+pizpek <<_1)pitpié+pi,2pt,j+l7tjp£k . (_1)pijpik+pitpék)
s ) . . . . . t D (— p(%) ) _h
/ige - (_1)pthzZ+Pztptg+pz€P£k+pz€Pt]+ptjptk+p( )eh( 1) (e+h e h) +

5

+ (_1)pifpéj+pitptk+pitp€j+ptkp£j o
_ (_1)Pz‘jpik+Pitptk+p¢4pzz]'+piepzk+pitme 62h(71)”(i)
Finally, an in-depth (yet trivial!) inspection shows that r;, =0 and x{, =0 .
This along with (A:8) and (A7) yields B, +C},+ B!, +C}, € T@F,+FJ
(for all ¢t < £), whence we conclude that A(n) € JRF,+F,®@J = Jy, q.e.d.
For n = z;jxp; — (—1)"P e*h(_l)p(j)xhj x;; — with i <h — we get A(n) €
JF,+F,®J =: Jg with a parallel analysis to the above one.

PijPhk

DijPik+D (1) (e-l—h o e—h) Tk Thj

Finally, for n = z;;xp, — (—1) The Ty — (—1)
our computations go as follows. First of all, acting as before we find

A({Eij ZEhk) = Z?:l Oz;k(t) Tit Tht & CEtj Ttk +

n h.k n h,k
+ 2 bd=1 05 (b, d) Tip Tha @ Toj Tar + D ba=1w;; (b, d) Tia Ty @ Taj Tpk
b<d b<d

where Uqu) _ (_1)pitptj+phtptk+phtptj 7 Oéz;k(b, d) — (_1)pibpbj+phdpdk+phdpbj and
wfff(b, d) _ (_l)pidpdj+phbpbk+l7hbpdj 50 that O‘zh,jjk<t7t) _ O'Z;k(t) _ w23k(t7t) o

and then we have also parallel formulas for A(xhk :L‘ij) and A(xik xhj) as well, just
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by switching indices in the correct way. It follows that
An) = A(%’j The + AL Ty + Q2 g fEhj) =
= >, az;k(t) Tit Tt @ Tij Ty +
+ Zb<d (" (b,d) 2 wha ® w5 Ta + wiy (b, d) Tig Ty @ Taj T ) +
+ A’”“Zt 10 T () Tpt Tip @ Ty Tej +
+ Ah ; Zb<d (3% (b, d) 2y Tig @ T T + W) k(b d) Tha Tip ® Tak Toj ) +
Qtht 10 ( ) Tit Tt & Tyg, Tyj +
Qh § Zb<d (%,}3(57 d) Tip Thg @ Tpk Ta; + w?}f(b d) Tiq Thy @ Tap Tvj ) =7,
=Js Zt 1 Chk( ) + Zb<d fo}k(by d)
with AZ’jk = (—1)"PuPre anq _thjk = (—1)1FPupatr(d) (et —e™") . In particular,

A(n) is a linear combination of homogeneous tensors o, s, To, c; @ Try. sy Tty ey -

Now, by the very definition of J — cf. (3.15)) we have

_1)p(m) .
Trs Tre =g (=1)PrePre etV g gy if s<ec
_ rsPes +h(—1)P) .
TrsTps =g (—1)PrePe ethED g if r</?¢ (A9)
Trs Toe =g (—1)PPxy 1, if r</t,s>c
Tys Tpe _jA mgcxrs—i—ﬁecmcxes if r</t,s<c

Then, using the first two relations we can re-write each t—th summand in the three
sums above of the form “) " |7 as a suitable multiple of the single homogeneous
tensor p; Ty ® xy, o450 therefore, from this we find that in the relation

A( ) =Js Zt 1Chk( ) + Zb<d hk<b d) (A.lO)

found above the first sum is eventually boils down to

Cz]?}k(t) = Hﬁ}k(t) Tht Tit @ Tyl Tyj

where the coefficient mﬁ’jk(t) is explicitly given — out of direct computation, tiding
everything up — by

HZ’Jk(t) — Ulfzk(w (_1)pitpht+Ptjptk €+2h(,1)p(t) I

hk _ij hk _hj i —1)P®
AR G + Qi) (~1 D
Eventually, a sheer calculation proves that the right-hand side expression above is

identically zero, so that /<; ( )=0 forall te{l,...,n}, so > 1C’hk( ) =0.
Now we go and compute the summands Dh k(b d) in the second sum in right-hand
side of (A.10]). By construction (see the above analysis) they are given by
Dj.f;.’“(b d) = g (a7 (b, d) 2 wha @ 20y Tak + w3 (b, d) Tia The @ Taj Ty ) +
+ Ah DD (O‘h (b, d) Thy Tig @ Tk Ty + wh k(b d) Tha Tip @ Tak Toy ) +
+ QS (a5 (b, d) vy g @ Ty gy + W (b, d) Tia T @ Tak Ty )
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and then, using identities ({A.9) once more, we get for them the new expression

D!F(b,d) = ¥ <5Z}k(b7 d) Tha Tip @ Tax Toj + 077 (b, d) g Ty ® Tk Ta; +
b<d (A.11)
+ 19h (b d) Thd Tip @ Tk Ty + )\h (b d) Lid Thp @ Tpk Id])

where we use notation

B, d) = ol (b, d) AREATE + AME G (b, d)

(52}’“(6, d) = a"Fb,d QZ;)d ngk Ah-kahk(b d) (—1)PiaPm 4
U0 d) (<177 — O Ol el 0, d)
)AL 2t — bF AL ol (b, d)
) QLA QR ()

hk o hk
J;5 (b, d) =
hyk . hk
>\i,j (b,d) = Q; (
Finally, direct inspection (long and tricky, yet harmless) shows that

hok __ hok __ hok ,_ hok ,_

B (b,d) == 0, ;5 (b,d) =0, Ui (b,d) =0, Ay (b,d) =0
hence from (A.11)) we conclude that all DZ f(b, d)’s are zero. This together with
(A.10) yields A(n) =gz, 0, which ends the proof of (5-b), q.e.d. O
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