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MULTIPARAMETER QUANTUM
GENERAL LINEAR SUPERGROUP

FABIO GAVARINI ♯ , MARGHERITA PAOLINI ♭

Abstract. We introduce uniparametric and multiparametric quantisations of
the general linear supergroup, in the form of “quantised function algebras”, both
in a formal setting — yielding “quantum formal series Hopf superalgebras”, à la
Drinfeld — and in a polynomial one — closer to Manin’s point of view.

In the uniparametric setting, we start from quantised universal enveloping su-
peralgebras over gln (endowed with a super-structure), as in [Ya1] and [Zha]:
through a direct approach, we construct their linear dual, thus finding the quan-
tum formal series Hopf superalgebras mentioned above, which are described in
detail via an explicit presentation. Starting from the latter, then, we perform a
deformation by a well-chosen 2–cocycle, thus getting a multiparametric quantisa-
tion, described again by an explicit presentation: this is, in turn, the dual to the
multiparametric quantised universal enveloping algebra over gln from [GGP].

We also provide some “polynomial versions” of these quantisations, both for
the uniparametric and the multiparametric case. In particular, we compare the
latter to Manin’s quantum function algebras from [Ma].

Finally, both for the uniparametric and the multiparametric setting, we provide
suitable PBW-like theorems, in “formal” and in “polynomial” versions alike.
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1. Introduction

The so-called “quantum groups” appear in literature in two forms: either quan-
tised universal enveloping algebras (in short, QUEA’s) over some Lie algebra g ,
or quantised function algebras over some Lie or algebraic group G. In both cases,
“quantised” is meant in two possible ways, namely:
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— a formal one, where we consider topological Hopf algebras, say Uℏ(g) or
Fℏ[[G]] , over the ring k[[ℏ]] of formal power series in the deformation parameter ℏ ,

— a polynomial one, where we consider standard Hopf algebras, Uq(g) or Fq[G] ,
over a base ring where an element q takes the role of “deformation parameter”, e.g.
k(q) or k

[
q , q−1

]
(the ring of rational functions or Laurent polynomials in q ).

In either case, the quantisation canonically defines, as “semiclassical limit”, an
additional Poisson structure on the underlying geometrical object, namely a Lie
cobracket on g — turning the latter into a Lie bialgebra — and a Poisson bracket
on G—making it into a Poisson (Lie or algebraic) group; see [Dr] or [CP] for details.

One can also consider multiparametric quantisations, involving several parame-
ters: nevertheless, only one of them “rules” the quantisation, whereas the others are
responsible for the induced Poisson structure at the semiclassical limit. A typical
procedure to produce such quantisations involve Hopf-theoretical deformations, ei-
ther via twists or via 2–cocycles: one starts with a uniparametric quantisation, and
then applying a deformation (by twist or by 2–cocycle) ends up with a multiparametr
quantisation, whose “extra parameters” come from the twist or the 2–cocycle in-
volved in the process (cf. e.g., [GG3], [GG4] and references therein for more details).

All the above applies as well, up to technicalities, to the context of “quantum
supergroups”, i.e. quantisations of Lie superalgebras and supergroups.

In the present paper, we deal with the general linear Lie superalgebra and super-
group, that is gln and GLn endowed with some “parity”. In this setup, uniparametric
quantised universal enveloping superalgebras (in short, QUESA’s) have been intro-
duced in [Ya1] (in great generality) in a formal version, and then taken up again in
[Zha] in polynomial form. Starting from that, multiparametric QUESA’s have been
constructed in [GGP] via the process of deformation by twist explained above.

Our goal is to work out the dual side, i.e. to introduce suitable dual objects to
the QUESA’s for gl pn mentioned above, in all their variants — uniparametric or
multiparametric, formal or polynomial.

In the uniparametric setting, we start from Yamane’s QUESA Uℏ
(
gl pn

)
, where the

superscript “ p ” accounts for the underlying parity. Through a direct approach, we
construct its full linear dual, which is concretely realised as a topological Hopf super-
algebra Fℏ

[[
GL p

n

]]
with a non-degenerate Hopf pairing with Uℏ

(
gl pn

)
. In particular,

we find that this Fℏ
[[
GL p

n

]]
is indeed a quantum formal series Hopf superalgebra

(in short, QFSHA) as we were looking for: we provide for it an explicit presentation
by generators and relations and a suitable PBW-like theorem.

For the multiparametric side of the story, we rely on the uniparametric one and re-
sort to a deformation procedure. Indeed, as every multiparametric QUESA UΦ

ℏ
(
gl pn

)
from [GGP] is obtained from Yamane’s QUESA Uℏ

(
gl pn

)
via deformation by some

twist FΦ , one can get the dual
(
UΦ
ℏ
(
gl pn

))∗
as deformation of

(
Uℏ

(
gl pn

))∗
by the

2–cocycle σΦ corresponding to FΦ . But
(
UΦ
ℏ
(
gl pn

))∗
= Fℏ

[[
GL p

n

]]
, the uniparamet-

ric QFSHA that we just constructed; so we only have to compute the deformation(
Fℏ

[[
GL p

n

]])
σΦ

. The final outcome is a multiparametric QFSHA F Φ
ℏ
[[
GL p

n

]]
for

which we find a presentation by generators and relations and a PBW-like theorem.

After achieving our goal for formal quantisations, we obtain the parallel result
for polynomial ones in a very simple way — roughly, selecting suitable subalgebras
inside Fℏ

[[
GL p

n

]]
(for the uniparametric case) and F Φ

ℏ
[[
GL p

n

]]
(for the multipara-

metric one). In particular, for the latter we discuss a bit its direct comparison with
Manin’s multiparametric QFSA’s introduced in [Ma].
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2. Multiparametric QUESA for the general linear supergroup

In this section, we first recall Yamane’s QUESA’s, bounding ourselves to those of
type A (in general, they are defined for each possible type of simple Lie superalgebra
of basic type), as introduced in [Ya1]. Then we recall also their “multiparametric
version”, introduced in [GGP].

2.1. Yamane’s QUESA’s for the general linear supergroup. In his ground-
breaking paper [Ya1], Yamane introduced explicit quantisations of (the universal
enveloping superalgebra of) any simple Lie superalgebra of basic type, say g : as such,
they are quantised universal enveloping superalgebras (=QUESA’s) in the sense of
Drinfeld. Their definition is given via a presentation by generators and relations: in
turn, the latter depends on the choice of a specific Dynkin diagram (or, equivalently,
of a specific Cartan matrix) associated with g ; in particular, different diagrams (or
matrices) give rise to different quantisations, and it is not clear whether they are
isomorphic (as topological Hopf superalgebras) or not, though their semiclassical
limit always is. In this paper, we consider such QUESA’s only for type A : we will
call them “Yamane’s QUESA’s”.

Definition 2.1.1. Fix a field k of characteristic zero. Given n ∈ N , n ≥ 2 , let
In := {1, . . . , n} and In−1 := I \ {n} . Let Vn be a k–vector space of dimension n ,
and {εi}i∈In be a k–basis of Vn . We fix a parity function p : In −−→ Z2 , and the

(unique) k–bilinear form (· , ·) on Vn such that (εi , εj
)
= (−1)p(i)δi,j . We define the

root system Φ = Φ+∪Φ− ⊆ Vn by setting Φ+ :=
{
αi, j := εi−εj

∣∣ i , j ∈ In , i < j
}

and Φ− := −Φ+ =
{
−αi, j = εj − εi

∣∣ i , j ∈ In , i < j
}
, and we let the set of

(positive) simple roots to be Π :=
{
αi := αi, i+1

∣∣ i ∈ In−1

}
.

For later use, we fix the important notation pi,j := p(i) + p(j) for all i , j ∈ In .

We define the Dynkin diagram (associated with the previous data) as follows.
First, we consider a standard Dynkin diagram of type An−1 , namely a (non-oriented)
graph with (n − 1) vertices, labelled by 1, . . . , n − 1, with just one single edge
connecting the vertex i with the vertex i+1 (and viceversa), for all 1 ≤ i ≤ n−1 .
Second, we represent the i–th vertex by drawing either a “white” node # or a
“grey” node ⊗ , according to whether (αi , αi) ̸= 0 or (αi , αi) = 0 , respectively
(or, equivalently, whether p(i) ̸= p(i + 1) or p(i) = p(i + 1) , or still whether
pi, i+1 = 1̄ or pi, i+1 = 0̄ ).

Overall, we will refer to such a bunch D of data as to a Dynkin datum: note that
it is uniquely determined by the pair

(
rank(D) , parity(D)

)
:= (n , p) . ⋄

Remark 2.1.2. Any Dynkin diagram as in Definition 2.1.1 is nothing but a “Dynkin
diagram” in the (standard) sense of Kac — see [Ka2] — for the Lie superalgebra
structure over gl(n) corresponding to the parity p — hereafter denoted by gl pn .
Among all these Dynkin diagrams, those with just one single grey node (every other
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one being white), called distinguished, classify all isomorphism classes of simple Lie
superalgebras onto gl(n) that are not just totally even (i.e., they are not Lie algebra
structures). In particular, the same Lie superalgebra structure can be associated to
different Dynkin diagrams: in this case, every such diagram gives rise to a different
presentation of the Lie algebra, though the latter stands the same. Correspondingly,
one also has different presentations of the universal enveloping superalgebra U

(
gl pn

)
.

Following Yamane (see [Ya1]) — but with a choice of notation much closer to
Zhang’s (cf. [Zha]) — we introduce our quantisation of U

(
gl pn

)
as follows:

Definition 2.1.3. Fix a Dynkin datum D as above, with rank n and parity p . Fix
a field k of characteristic zero. In the ring of formal power series k[[ℏ]] , set

q := exp(ℏ) , qi := q(−1)p(i) = q(εi, εi) ∀ i ∈ In

We define Uℏ
(
gl pn

)
as follows: it is the unital, associative, ℏ–adically complete

k[[ℏ]]–superalgebra with generators

E1 , E2 , . . . , En−1 , Γ1 , Γ2 , . . . , Γn−1 , Γn , F1 , F2 , . . . , Fn−1

having parity |Er| := pr,r+1 , |Γs| := 0 , |Fr| := pr+1,r — for all r ∈ In−1 and
s ∈ In — and relations (for all i , j ∈ In−1 := {1, . . . , n−1} , k , ℓ ∈ In := {1, . . . , n} )

[Γk , Γℓ ] = 0 (2.1)

[Γk , Fj] − (δk,j+1 − δk,j)Fj = 0 , [Γk , Ej] − (δk,j − δk,j+1)Ej = 0 (2.2)

[Ei , Fj] − δi,j
e+ℏHi − e−ℏHi

q+1
i − q−1

i

= 0 (2.3)

E2
i = 0 , F 2

i = 0 if pi, i+1 = 1̄ = pi+1, i (2.4)

[Ei , Ej] = 0 , [Fi , Fj] = 0 if |i− j| > 1 (2.5)

E2
i Ej −

(
q + q−1

)
EiEj Ei + Ej E

2
i = 0 if pi, i+1 = 0̄ and |i− j| = 1

F 2
i Fj −

(
q + q−1

)
Fi Fj Fi + Fj F

2
i = 0 if pi+1, i = 0̄ and |i− j| = 1

(2.6)[[
[Ei, Ej]qj , Ek

]
qj+1

, Ej
]
= 0 if pj, j+1 = 1̄ and k = j + 1 = i+ 2[[

[Fi, Fj]qj , Fk
]
qj+1

, Ej
]
= 0 if pj+1, j = 1̄ and k = j + 1 = i+ 2

(2.7)

where hereafter we use such notation as

Hi := (−1)p(i)Γi − (−1)p(i+1)Γi+1

[A ,B]c := AB − c (−1)|A| |B|BA , [A ,B] := [A ,B]1 ⋄

The most relevant fact about the algebra Uℏ
(
gl pn

)
defined above is that it admits

a Hopf structure, as specified in the following result:

Theorem 2.1.4. (cf. [Ya1]) There exists a structure of topological Hopf superalgebra
on Uℏ

(
gl pn

)
— with respect to the ℏ–adic topology — which is uniquely described by

the following formulas on generators (for all i ∈ In−1 , k ∈ In ):

∆(Ei) = Ei ⊗ 1 + e+ℏHi ⊗ Ei , S(Ei) = −e−ℏHiEi , ϵ(Ei) = 0

∆(Γk) = Γk ⊗ 1 + 1⊗ Γk , S(Γk) = −Γk , ϵ(Γk) = 0

∆(Fi) = Fi ⊗ e−ℏHi + 1⊗ Fi , S(Fi) = −Fi e+ℏHi , ϵ(Fi) = 0
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Remark 2.1.5. Because of its properties, including what is detailed in Theorem
2.1.4, the Hopf superalgebra Uℏ

(
gl pn

)
introduced in Definition 2.1.3 is a “quantized

universal enveloping superalgebra” in the sense of Drinfeld — cf. [Dr], §7, and [Ga],
Definition 1.2, suitably adapted to the present setup of quantum supergroups). This
motivates the following definition.

Definition 2.1.6. We call the Hopf superalgebra Uℏ
(
gl pn

)
introduced in Definition

2.1.3 above the quantized universal enveloping superalgebra (or just “QUESA”, in
short) associated with the Lie superbialgebra gl pn . ⋄

2.2. From Yamane’s QUESA’s to multiparametric QUESA’s. In [GGP], a
multiparametric counterpart of Yamane’s QUESA’s was introduced. In short, it was
found through a process of deformation by twist, after carefully choosing the twist
in a broad family, called of “toral” twists in that, roughly, they belong to the “toral
part” of Yamane’s QUESA that we start from. Hereafter we shortly summarise
that construction, when is is applied to Yamane’s QUESA of type A , namely the
Uℏ

(
gl pn

)
given in Definition 2.1.3 above, with its Hopf structure from Theorem 2.1.4;

for further details, we refer to [GGP].
To begin with, we choose any antisymmetric matrix of size (n+1) with entries in

k[[ℏ]] , say Φ =
(
ϕt,ℓ

)ℓ=1,...,n;

t=1,...,n;
∈ son

(
k[[ℏ]]

)
. Out of that, we define the element

FΦ := exp
(
ℏ 2−1

∑n
t,ℓ=1 ϕt,ℓ Γt ⊗ Γℓ

)
∈ Uℏ

(
gl pn

)
⊗̂Uℏ

(
gl pn

)
(2.8)

which is actually a twist element for Uℏ
(
gl pn

)
, in the standard sense of Hopf algebra

theory (cf. [GGP], §4.1.5). Using it, we construct a new (topological) Hopf algebra

Uℏ
(
gl pn

)FΦ , known as the deformation of Uℏ
(
gl pn

)
by the twist FΦ : this is isomorphic

to Uℏ
(
gl pn

)
as a superalgebra but with a new, twisted (super)coalgebra structure,

whose coproduct, counit and antipode are described in the next statement:

Theorem 2.2.1. (cf. [GGP], §4.2.7) Fix any antisymmetric matrix of size n + 1

with entries in k[[ℏ]] , say Φ =
(
ϕt,ℓ

)ℓ=1,...,n;

t=1,...,n;
∈ son

(
k[[ℏ]]

)
, and define in Uℏ

(
gl pn

)
the elements (for all i ∈ In−1 )

T Φ

i,+ := 2−1
∑n

ℓ=1

(
ϕi,ℓ Γℓ − ϕi+1,ℓ Γℓ

)
, T Φ

i,− := 2−1
∑n

ℓ=1

(
ϕℓ,i Γℓ − ϕℓ,i+1 Γℓ

)
Then there exists a structure of topological Hopf superalgebra on Uℏ

(
gl pn

)
— with

respect to the ℏ–adic topology — which is uniquely described by the following formulas
on generators (for all i ∈ In−1 , k ∈ In ):

∆
(
Ei

)
= Ei ⊗ e+ℏT Φ

i,+ + e+ℏ (Hi+T
Φ
i,−) ⊗ Ei , ϵ

(
Ei

)
= 0

∆
(
Γk

)
= Γk ⊗ 1 + 1⊗ Γk , ϵ

(
Γk

)
= 0

∆
(
Fi
)

= Fi ⊗ e−ℏ (Hi+T
Φ
i,+) + e−ℏT Φ

i,− ⊗ Fi , ϵ
(
Fi
)
= 0

S
(
Ei

)
= −e−ℏ (Hi+T

Φ
i,−)Ei e

−ℏT Φ
i,+ , S

(
Γk

)
= −Γk , S

(
Fi
)
= −e+ℏT Φ

i,− Fℓ e
+ℏ (Hi+T

Φ
i,+)

In particular, such a Hopf algebra is isomorphic with Uℏ
(
gl pn

)FΦ, the deformation

of Uℏ
(
gl pn

)
by the twist FΦ in (2.8). □

Definition 2.2.2. We call Uℏ
(
gl pn

)
with the Hopf structure described in Theorem

2.2.1 above the multiparametric QUESA — over gl pn — with multiparameter Φ , and
we denote it by UΦ

ℏ
(
gl pn

)
. ⋄



6 FABIO GAVARINI , MARGHERITA PAOLINI

Remark 2.2.3. By its very construction, the multiparametric QUESA UΦ
ℏ
(
gl pn

)
al-

ways admits a presentation (as a topological k[[ℏ]]–superalgebra) as in Definition
2.1.3 — which is independent of Φ — while its Hopf structure is given as in Theo-
rem 2.2.1 — which explicitly depends on our matrix of “parameters” Φ . Conversely,
it is proved in [GGP] (cf. in particular Proposition 4.2.8 and Theorem 4.2.9 therein)
that one can also describe the same object with a different presentation. Namely,
in the latter presentation the parameters show up in the relations among generators
— which look like those in Definition 2.1.3, but explicitly involve some extra pa-
rameters, that in turn depend on Φ — while the formulas for the coproduct, counit
and antipode are independent of Φ (and of any other “parameters” whatsoever),
but constantly look like those in Theorem 2.1.4 for Yamane’s initial QUESA. Nev-
ertheless, we are now focusing on the first type of presentation, thus choosing the
point of view where the parameters govern the co-algebraic structure.

3. Formal quantum general linear supergroups

In this section we introduce the new contribution of the present paper, namely a
“quantum formal supergroup” of type A, both in uniparametric and in multipara-
metric version, realised as dual to Yamane’s QUESA Uℏ

(
gl pn

)
— from §2.1 — and

to its multiparametric counterpart UΦ
ℏ
(
gl pn

)
— from §2.2.

3.1. QFSHSA’s for Yamane’s quantum general linear supergroup. Let us
consider Yamane’s QUESA Uℏ

(
gl pn

)
as in §2.1, and its linear dual, denoted by

Fℏ
[[
GL p

n

]]
. In Drinfeld’s language — as in [Dr], §7, only slightly adapted to fit the

(quantum) supergroup framework — the latter is a “quantum formal series Hopf
superalgebra. We now undertake a detailed description of this object, eventually
yielding an explicit presentation by generators and relations.

3.1.1. The QFSHSA over GL p
n : first construction. For our QUESA Uℏ

(
gl pn

)
there exists a well-known “standard” (or “natural”, or “vector”) representation Vn
which is straightforward quantisation of the standard representation of the classical
superalgebra U

(
gl pn

)
. Explicitly, Vn is the free k[[ℏ]]–module of rank n with k[[ℏ]]–

basis {v1 , . . . , vn} with Uℏ
(
gl pn

)
–action defined on generators by

Ei . vℓ := δi+1,ℓ vℓ−1 , Γk . vℓ := δi,ℓ vℓ , Fi . vℓ := δi,ℓ vℓ+1 ∀ i ∈ In−1 , k, ℓ ∈ In

Indeed, one checks by straightforward computations that this yields a correctly
defined representation of Uℏ

(
gl pn

)
onto Vn , which then is a Uℏ

(
gl pn

)
–module.

For each pair (i , j ) ∈ In , the corresponding matrix coefficient xij is defined:
it is the k[[ℏ]]–linear function xij : Uℏ

(
gl pn

)
−−−−→ k[[ℏ]] defined by xij(u) :=

v∗i (u . vj) , ∀u ∈ Uℏ
(
gl pn

)
, where {v∗1 , . . . , v∗n} is the dual k[[ℏ]]–basis of Vn to the

built-in k[[ℏ]]–basis {v1 , . . . , vn} . In other words, xi,k is the composition of the
representation morphism ρ

Vn
: Uℏ

(
gl pn

)
−−−→ Endk[[ℏ]]

(
Vn

) ∼= Matn×n
(
k[[ℏ]]

)
with

the function Matn×n
(
k[[ℏ]]

)
−−−−→ k[[ℏ]] ,

(
m r,s

)s∈In
r∈In

7→ m i,j — i.e., evaluation

with respect to the (i , j )–th entry.
Let Uℏ

(
gl pn

)∗
be the linear dual to the Hopf superalgebra Uℏ

(
gl pn

)
. This dual is in

turn a topological Hopf superalgebra, the topology involved being now the ∗–weak
one: in particular, its coproduct is dual to the product in Uℏ

(
gl pn

)
, and it takes values

into a suitable completion of the algebraic tensor product Uℏ
(
gl pn

)∗ ⊗ Uℏ
(
gl pn

)∗
.
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However, for all the xij’s — that do belong to Uℏ
(
gl pn

)∗
indeed — it follows by

construction that their coproduct obeys the remarkable formula

∆(xrs) =
∑n

k=1 (−1)pik pkjxrk ⊗ xks ∀ r, s ∈ In (3.1)

— where prs := p(r)+p(s) — in short, because of the simple reason that the product
in Matn+1

(
k[[ℏ]]

)
is nothing but row-by-column multiplication; in particular, each

∆(xij) belongs to the standard, algebraic tensor product Uℏ
(
gl pn

)∗⊗Uℏ
(
gl pn

)∗
. Let

us then consider the unital k[[ℏ]]–subalgebra Ḟℏ = Ḟℏ
[
GL p

n

]
of Uℏ

(
gl pn

)∗
generated

by
{
xrs

∣∣ r, s ∈ In
}
. Thanks to (3.1), Ḟℏ

[
GLpn

]
is in fact a sub-superbialgebra of

Uℏ
(
gl pn

)∗
, and even in “standard” (i.e., non-topological) sense; in particular, its

counit map ϵ := ϵUℏ(gl
p
n)

∗

∣∣∣
Ḟℏ

is described by ϵ(xij) = δij for all i , j ∈ In .

Let now IḞℏ
:= Ker(ϵ) + ℏ Ḟℏ . This is a two-sided ideal of Ḟℏ , hence we can con-

sider the associated IḞℏ
–adic topology in Ḟℏ . Indeed, such a topology coincides with

the one induced by the ∗–weak topology in Uℏ
(
gl pn

)∗
: the the IḞℏ

–adic completion

of Ḟℏ coincides with the closure of Ḟℏ itself in Uℏ
(
gl pn

)∗
with respect to the ∗–weak

topology: we denote this closure by Fℏ = Fℏ
[[
GL p

n

]]
. Note that Fℏ is clearly a sub-

superbialgebra of U
(
gl pn

)∗
; moreover, by construction the semiclassical limit of Fh is

the İ–adic completion F of the subalgebra Ḟ of Uℏ
(
gl pn

)∗
generated by the “classical”

matrix coefficient functions xi,j (for all i, j ∈ In ), where İ := Ker
(
ϵ
F

)
. But classi-

cally we have F = U
(
gl pn

)∗
, whence we conclude that Fℏ := Fℏ

[[
GL p

n

]]
= Uℏ

(
gl pn

)∗
as well. Thus, in the end, the (topological) Hopf superalgebra Uℏ

(
gl pn

)∗
can be re-

alised as topologically generated by the xi,j’s; we will presently improve this remark
by providing a concrete, explicit presentation. We begin by fixing the terminology:

Definition 3.1.2. We call quantum formal series Hopf superalgebra (=QFSHSA in
short) over the supergroup GL p

n the IḞℏ
–adic completion of Ḟℏ — or, equivalently

(see above), the closure of Ḟℏ in Uℏ
(
gl pn

)∗
with respect to the ∗–weak topology.

We denote this QFSHSA by Fℏ
[[
GL p

n

]]
. ⋄

The previous construction of Fℏ
[[
GL p

n

]]
is certainly a bit hasty, with several

details to be filled in in order to clarify all steps. However, we will now present
instead an alternative construction, which leads to a concrete realisation of Fℏ that
is in fact totally independent of the above constructions.

3.1.3. New construction of Fℏ
[[
GL p

n

]]
. We proceed in several steps, simultane-

ously building both the topological superbialgebra Fℏ and its pairing with Uℏ
(
gl pn

)
.

(1) We begin with the free unital k[[ℏ]]–superalgebra Fℏ with generators xij
— for all i , j ∈ In — having parity |xij| = pij := p(i) + p(j) — notation as in
Definition 2.1.1. This Fℏ admits a unique superbialgebra structure whose coproduct
and counit are given on generators by the following formulas (the proof is trivial):

∆(xij) =
n∑
a=1

(−1)piapajxia ⊗ xaj , ϵ(xij) = δij ∀ i , j ∈ In (3.2)

On the other hand, let Uℏ be the free unital k[[ℏ]]–superalgebra generated by
Ei , Γt , Fi — for all i ∈ In−1 and t ∈ In — with parity

∣∣Ei∣∣ = pi, i+1 = pi+1, i =
∣∣Fi∣∣

and
∣∣Γt∣∣ = 0̄ . This Uℏ is free as a k[[ℏ]]–module, with basis given by all ordered
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monomials in the generators. Let now Ûℏ be the ℏ–adic completion of Uℏ , with
its natural structure of Complete topological) unital k[[ℏ]]–superalgebra: as such, it
is freely generated by Ei , Γt , Fi (for i ∈ In−1 and t ∈ In ). Then the formulas in

Theorem 2.1.4 yield well-defined coproduct and counit Ûℏ that make the latter into
a topological superbialgebra (again, the proof is trivial).

(2) There exists a unique k[[ℏ]]–bilinear pairing ⟨ , ⟩ : Fh × Ûℏ −−→ k[[ℏ]]
which is defined as follows. For each generator xij of Fℏ , we define the values of〈
xij ,M

〉
for every monomial M in the generators of Ûℏ : as these monomials form

a k[[ℏ]]–basis of Ûℏ , this is enough to uniquely define, by k[[ℏ]]–linear extension, all
values of

〈
xij , −

〉
on all of Ûℏ . Moreover, as the xij’s are free generators of Fh as

a k[[ℏ]]–algebra, we can choose those values
〈
xi,j ,M

〉
as freely as possible. We set〈

xij , 1
〉

:= ϵ
(
xij

)
:= δij (3.3)

which accounts for the unique “monomial” M = 1 having degree 0, and then〈
xij , Et

〉
= δi, t δj, t+1 ,

〈
xij , Ft

〉
= δi, t+1 δj, t ,

〈
xij , Γk

〉
= δi, k δj, k (3.4)

which accounts for all possible monomials M of degree 1. As to monomials M of
degree greater than 1, we define

〈
xij ,M

〉
by induction on such a degree via〈

xij ,M
〉

=
〈
xij ,Y Z

〉
:=

〈
∆
(
xij

)
,Y ⊗ Z

〉
(3.5)

for any possible factorisation of M as a product M = Y Z of two monomials Y
and Z of strictly smaller degree, where in the last, rightmost term we are using the
formula 〈

∆(X) ,Y ⊗ Z
〉

:= (−1)|X(2)| |Y| 〈X(1) ,Y
〉 〈
X(2) ,Z

〉
(3.6)

where ∆(X) = X(1) ⊗X(2) is the standard Sweedler’s notation for the coproduct
of X — now applied to X := xi,j . Due to the coassociativity of the coproduct ∆ of
Fℏ , formula (3.5) is independent of any particular factorisation M = Y Z , hence
in particular it does make sense to properly define

〈
xij ,M

〉
.

Now, with (3.3), (3.4) and (3.5) we have in fact defined a linear operator ρ
(
xij

)
∈

Û ∗
ℏ for each generator xij of Fh : as these are free generators, the above also extends

to yield a well-defined morphism ρ : Fh−−→ Û ∗
ℏ of unital k[[ℏ]]–algebras. In detail,

this means that one has (for all f ′, f ′′ ∈ Fh , u ∈ Ûℏ )(
ρ
(
f ′f ′′ ))(u) =

(
ρ
(
f ′ ) ⋆ ρ( f ′′ ))(u) =

(
ρ
(
f ′ )⊗ ρ

(
f ′′ ))(∆(u)

)
=

= (−1)|f
′′| |u(1)|

(
ρ
(
f ′ ))(u(1)) · ( ρ( f ′′ ))(u(2)) (3.7)

just because of the very definition of the product ⋆ (“convolution”) in Û ∗
ℏ .

In turn, the map ρ : Fh−−→ Û ∗
ℏ uniquely corresponds to a k[[ℏ]]–bilinear pairing

⟨ , ⟩ : Fh × Ûℏ −−−−→ k[[ℏ]] ,
〈
f , u

〉
:=

(
ρ(f)

)
(u) (3.8)

which is uniquely characterised (and described) by formulas (3.3), (3.4) and (3.5).
Furthermore, those same formulas guarantee that this pairing is also a (super)

coalgebra–algebra pairing, in that the following holds (for all f ∈ Fh , u′, u′′ ∈ Ûℏ ):〈
f , u′ u′′

〉
=

〈
∆(f) , u′ ⊗ u′′

〉
:= (−1)|f(2)| |u

′| 〈 f(1) , u′ 〉 〈 f(2) , u′′ 〉 (3.9)

On the other hand, symmetrically, formula (3.7) can be read also as〈
f ′f ′′, u

〉
=

〈
f ′ ⊗ f ′′,∆(u)

〉
:= (−1)|f

′′| |u(1)|
〈
f ′, u(1)

〉 〈
f ′′, u(2)

〉
(3.10)
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which means that this pairing is also a (super) algebra–coalgebra pairing. To sum
up, (3.9) and (3.10), along with the unital/counital properties

〈
f , 1

〉
= ϵ(f) ,

〈
1 , u

〉
= ϵ(u) ∀ f ∈ Fh , u ∈ Ûℏ (3.11)

tell us that the pairing in (3.8) is actually a pairing of (topological) k[[ℏ]]–superbial-
gebras, or a (topological) k[[ℏ]]–superbialgebra pairing.

Finally, via a canonical recipe, the pairing (3.8) also induces a similar pairing

⟨ , ⟩ :
(
Fh ⊗ Fh

)
×

(
Ûℏ ⊗ Ûℏ

)
−−−−−→ k[[ℏ]] (3.12)

given by
〈
f ′ ⊗ f ′′, u′ ⊗ u′′

〉
:= (−1)|f

′′| |u′|〈 f ′, u′
〉 〈

f ′, u′
〉
.

(3) We now consider the (super)bi-ideal Iℏ := Ker
(
ϵFℏ

)
+ ℏFℏ , and the Iℏ–adic

completion of Fℏ , denoted by F̃ℏ : by construction, this is a topological k[[ℏ]]–
superbialgebra, whose coproduct takes values in F̃ℏ ⊗̃ F̃ℏ , the I⊗ℏ –adic completion of

the algebraic tensor product F̃ℏ ⊗ F̃ℏ with I⊗ℏ := Fℏ ⊗ Iℏ + Iℏ ⊗Fℏ . One then easily
sees that the pairing (3.8) extends — by continuity — to a similar pairing

⟨ , ⟩ : F̃h × Ûℏ −−−−→ k[[ℏ]] (3.13)

which is in turn a k[[ℏ]]–linear (topological) superbialgebra pairing on its own.

(4) Let R be the ℏ–adically closed, two-sided ideal in Ûℏ generated by all the
elements that appear as left-hand side terms in the identities (2.1)–(2.7). Then the

quotient topological k[[ℏ]]–superalgebra Ûℏ

/
R is isomorphic to Uℏ

(
gl pn

)
, just by

the very definition of the latter. We can then identify Ûℏ

/
R = Uℏ

(
gl pn

)
, and

through this we get the following claim:

Claim: The pairing (3.13) factors (on the right) through R , thus inducing a
similar pairing of (topological) superbialgebras

⟨ , ⟩ : F̃h × Uℏ
(
gl pn

)
−−−−→ k[[ℏ]] (3.14)

To see that, since F̃h is generated (as a unital, topological algebra) by the xi, j’s,
it is enough to show that:

(4–a)
〈
1 , ρ

〉
= 0 and

〈
xi,j , ρ

〉
= 0 for every ρ in the selected set of generators

of the ideal R and for all i , j ∈ In ;

(4–b) the two-sided ideal R is in fact a coideal as well, which boils down to

having ∆(ρ) ∈ R⊗ Ûℏ + Ûℏ ⊗R for every ρ in our fixed set of generators of R .

Proving these two points is a matter of sheer computations, though non-trivial
ones. The interested reader find the details in Appendix A.
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(5) Let J be the closed, two-sided ideal in F̃ℏ generated (in topological sense)
by the following elements

x 2
ij for pij = 1̄

xij xik − (−1)pijpik e+ℏ (−1)p(i) xik xij for j < k

xij xhj − (−1)pijphj e+ℏ (−1)p(j) xhj xij for i < h

xij xhk − (−1)pijphkxhk xij for i < h , j > k

xij xhk − (−1)pijphkxhk xij − (−1)pijpik
(
e+ℏ (−1)p(i)− e−ℏ (−1)p(i)

)
xik xhj

for i < h , j < k

(3.15)

and set Fℏ
[[
GL p

n

]]
:= F̃ℏ

/
J for the quotient topological k[[ℏ]]–superalgebra.

Note: the last-line elements can be written in a slightly different form, namely

xij xhk − (−1)pijphkxhk xij − (−1)pijpik+p(i)
(
e+ℏ − e−ℏ )xik xhj

(for i < h and j < k ): we shall indeed use such an alternative form in the sequel.

We aim now to prove the following

Claim: The pairing (3.14) factors (on the left) through J , thus inducing a similar
pairing of (topological) superbialgebras

⟨ , ⟩ : Fℏ
[[
GL p

n

]]
× Uℏ

(
gl pn

)
−−−−−−→ k[[ℏ]] (3.16)

To see that, it is enough to show that:

(5–a)
〈
η , 1

〉
= 0 and

〈
η , γ

〉
= 0 for every η in the selected set (3.15) of

generators of the ideal J and for all γ ∈
{
Er , Γs , Fr

∣∣ r ∈ In−1 , s ∈ In
}
;

(5–b) the two-sided ideal J is in fact a coideal as well, which boils down to

having ∆(η) ∈ J ⊗ F̃ℏ + F̃ℏ ⊗ J for every η in our given set of generators of J .

Once again, the proof of the above two points is just a matter of computations,
although non-trivial indeed; the interested reader will find them in Appendix A.

We are now ready to recap the payout of the previous construction.

Theorem 3.1.4. There exists a unique topological k[[ℏ]]–superbialgebra Fℏ
[[
GL p

n

]]
enjoying the following properties:

(a) it is topologically generated by
{
xij

∣∣ i , j ∈ In
}
, with parity |xij| = pij :=

p(i) + p(j) , subject to the following relations, where q := eℏ , qs := q(−1)p(s) :

x2ij = 0 for pij = 1̄

xij xik = (−1)pijpikqi xik xij for j < k

xij xhj = (−1)pijphjqj xhj xij for i < h

xij xhk = (−1)pijphkxkh xij for i < h , j > k

xij xhk = (−1)pijphkxhk xij + (−1)pijpik
(
q+1
i − q−1

i

)
xik xhj for i < h , j < k

(b) it is complete with respect to the Iℏ–adic relation, where Iℏ is the two-sided
ideal of Fℏ

[[
GL p

n

]]
generated by the set

{
xij − δij

∣∣ i, j ∈ In
}
∪
{
ℏ 1Fℏ[[GLp

n]]

}
;
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(c) its coproduct and counit are defined, in terms of the above presentation, by

∆(xij) =
n∑
a=1

(−1)piapajxia ⊗ xaj , ϵ(xij) = δij ∀ i , j ∈ In (3.17)

(d) it admits a non-degenerate pairing of (topological) k[[ℏ]]–superbialgebras

⟨ , ⟩ : Fℏ
[[
GL p

n

]]
× Uℏ

(
gl pn

)
−−−−→ k[[ℏ]]

given on generators — ∀ i , j , k ∈ In , t ∈ In−1 — by〈
xij , Et

〉
= δi,t δj,t+1 ,

〈
xij , Ft

〉
= δi,t+1 δj,t ,

〈
xij , Γk

〉
= δi,k δj,k (3.18)

(e) through the pairing in (d) above, it is isomorphic (as a topological k[[ℏ]]–
superbialgebra) to Uℏ

(
gl pn

)∗
, the linear dual to Uℏ

(
gl pn

)
. In particular, Fℏ

[[
GL p

n

]]
itself is a (topological) Hopf superalgebra over k[[ℏ]] .

Proof. The construction in §3.1.3 provides us with a topological k[[ℏ]]–superbialgebra
Fℏ

[[
GL p

n

]]
which, indeed, do fulfill all requirements of claims (a) through (d) above,

but for the non-degeneracy of the pairing in (d). As to this last property, as well as
to claim (e), we still need some extra work.
To begin with, when passing to the “semiclassical limit”, we have that

F0

[[
GL p

n

]]
:= Fℏ

[[
GL p

n

]]/
ℏFℏ

[[
GL p

n

]]
is a commutative topological k–superbialgebra which is generated by the cosets of
the xij’s — that we still denote by the same symbols, slightly abusing notation —
having parity |xij| = pij . Moreover, F0

[[
GL p

n

]]
is complete with respect to the ideal

generated by all the (xij − δij)’s, and it has (super)coalgebra structure described as
in (3.17) again. Finally, the k[[ℏ]]–bilinear pairing ⟨ , ⟩ in (d) between Fℏ

[[
GL p

n

]]
and Uℏ

(
gl pn

)
induces — just by modding out ℏ — a k–bilinear pairing ⟨ , ⟩0 :

F0

[[
GL p

n

]]
×U0

(
gl pn

)
−−−−→ k[[ℏ]] of (topological) k–superbialgebras. Now recall

that U0

(
gl pn

)
:= Uℏ

(
gl pn

)/
ℏUℏ

(
gl pn

)
naturally identifies with U

(
gl pn

)
. Then, using

the above presentation of F0

[[
GL p

n

]]
— with specific generators whose coproduct

and counit are given by the specific formulas (3.17) — and its superbialgebra pairing
⟨ , ⟩0 with U0

(
gl pn

)
= U

(
gl pn

)
— also explicitly described by (3.16) — one quickly

realises that F0

[[
GL p

n

]]
in turn identifies with F

[[
GL p

n

]]
= U

(
gl pn

)∗
, the “algebra

of functions” on the formal general linear supergroup GL p
n . In fact, the identification

is the unique one through which
{
xij

∣∣ i , j ∈ In
}

identifies with the dual basis to

the basis
{
eij

∣∣ i , j ∈ In
}

of elementary matrices of gl pn . In particular, the “semi-
classical” pairing ⟨ , ⟩0 is non-degenerate.

The previous analysis proves that F0

[[
GL p

n

]]
:= Fℏ

[[
GL p

n

]]/
ℏFℏ

[[
GL p

n

]]
is

isomorphic to U
(
gl pn

)∗
=

(
Uℏ

(
gl pn

)/
ℏUℏ

(
gl pn

))∗
, with the pairing ⟨ , ⟩0 identify-

ing with the standard “evaluation pairing”, which is non-degenerate. In addition,
we note that, since Iℏ contains ℏFℏ

[[
GL p

n

]]
, then Fℏ

[[
GL p

n

]]
is also ℏ–adically

complete. Therefore, by a standard argument (namely an “ approximation modulo
ℏn ” process, followed by taking the limit for n → +∞ ) we can conclude that the
pairing ⟨ , ⟩ : Fℏ

[[
GL p

n

]]
×Uℏ

(
gl pn

)
−−−→ k[[ℏ]] itself is non-degenerate and, even

more, through it Fℏ
[[
GL p

n

]]
identifies with

(
Uℏ

(
gl pn

))∗
, hence (e) is proved too. □
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Remark 3.1.5. Because of its properties, detailed in Theorem 3.1.4 above — in
particular, claim (e) — the Hopf superalgebra Fℏ

[[
GL p

n

]]
introduced there is a

“quantized formal series Hopf superalgebra” in the sense of Drinfeld — cf. [Dr],
§7, and [Ga], Definition 1.2, suitably adapted to the present setup of quantum
supergroups). This leads us to the following definition.

Definition 3.1.6. We call the (topological) Hopf superalgebra Fℏ
[[
GL p

n

]]
intro-

duced in Theorem 3.1.4 above the quantized formal series Hopf superalgebra (or just
“QFSHSA”, in short) associated with the Poisson supergroup GL p

n . ⋄

We conclude this part with a PBW-like theorem, providing for a (topological)
basis of ordered monomials in the generators:

Theorem 3.1.7. (PBW Theorem for Fℏ
[[
GL p

n

]]
) Let us fix any total order in the

set
{
xij

∣∣ i, j ∈ In
}

of generators of Fℏ
[[
GL p

n

]]
. Then the set of all truncated

ordered monomials in the xij’s, namely{ −→∏
i,j∈In

x
eij
ij

∣∣∣∣ eij ∈ N , ∀ i , j ∈In , eij ≤ 1 if pi,j = 1̄

}
is a k[[ℏ]]–basis (in topological) of the k[[ℏ]]–module Fℏ

[[
GL p

n

]]
.

Proof. Let us write for simplicity Fℏ := Fℏ
[[
GL p

n

]]
. The “semiclassical limit” of

Fℏ is the quotient F0 := Fℏ

/
ℏFℏ : by construction, it is a topological Hopf algebra

over k , which is isomorphic to F
[[
GL p

n

]]
= U

(
gl pn

)∗
, the “formal superalgebra of

functions” on the (formal) supergroup GL p
n . Inside F0 , denote by xij the coset of xij

modulo ℏFℏ : then it is known that the set of truncated ordered monomials in the

xij’s, i.e.

{ −→∏
i,j∈In

x
eij
ij

∣∣∣∣ eij ∈ N , ∀ i , j ∈In , eij ≤ 1 if |i|+ |j| = 1̄

}
, is a topological

k–basis of F
[[
GL p

n

]]
, that is any ϕ ∈ F

[[
GL p

n

]]
can be uniquely written as

a formal k–linear combination ϕ =
∑

e∈NIn×In

eij≤1 if |i|+|j|=1̄

c e
−→∏

i,j ∈ In
x
eij
ij of truncated ordered

monomials in the xij’s, for suitable (unique!) coefficients c e ∈ k ; hereafter we will

write such an expansion with the simpler notation ϕ =
∑

e c e
−→∏

i,j x
eij
ij . From this,

a standard argument gives us the expected result, as follows. Let ψ ∈ Fℏ
[[
GL p

n

]]
:

then its coset modulo ℏFℏ in F0 uniquely expands as ψ =
∑

e c
(0)
e

−→∏
i,j x

eij
ij

for suitable (unique!) c
(0)
e ∈ k . Then there exists ψ1 ∈ Fℏ

[[
GL p

n

]]
such that

ψ =
∑

e c
(0)
e

−→∏
i,j x

eij
ij + ℏψ1 , and we can start again with ψ1 instead of ψ .

Iterating this argument, one eventually finds suitable coefficients c
(n)
e ∈ k such that

ψ =
∑

n∈N ℏn
∑

e c
(n)
e

−→∏
i,j x

eij
ij =

∑
e

(∑
n∈N c

(n)
e ℏn

)−→∏
i,j x

eij
ij , which actually

proves our claim. □

3.2. Multiparametric QFSHSA’s for the general linear supergroup. Much
like we constructed a QFSHA Fℏ

[[
GL p

n

]]
as dual to Yamane’s uniparametric QUESA

Uℏ
(
gl pn

)
, one might follow the same strategy to construct a multiparametric QF-

SHSA dual to the multiparametric QUESA UΦ
ℏ
(
gl pn

)
, eventually finding parallel
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results. However, we present hereafter a different approach: as UΦ
ℏ
(
gl pn

)
is obtained

as deformation by twist of Uℏ
(
gl pn

)
, we can obtain its dual as 2–cocycle deformation

of
(
Uℏ

(
gl pn

))∗
= Fℏ

[[
GL p

n

]]
using for that the unique 2–cocycle for Fℏ

[[
GL p

n

]]
that “corresponds” to the twist FΦ for Uℏ

(
gl pn

)
. This shortcut eventually leads us

to obtain a presentation by generators and relations of the final, “deformed” ob-
ject, directly “by deforming” the presentation by generators and relations that we
already have for Fℏ

[[
GL p

n

]]
— from Theorem 3.1.4. The construction also provides

us with a non-degenerate Hopf pairing of our multiparametric QUESA with UΦ
ℏ
(
gl pn

)
through which the former identifies with the dual to the latter.

3.2.1. Deformation construction vs. linear duality. A standard construction
in Hopf algebra theory is that of deformations, either by twist, or by 2–cocycle. This
extends to various type of “generalised” Hopf algebras, including Hopf superalgebras,
and even to “quantum Hopf superalgebras”, which are Hopf superalgebras only in
a suitable topological sense, such as our QUESA’s in §2 and our QFSHSA’s in §3.1.
Without repeating them here, we quote the main relevant definitions from [GGP],
§4.1.5. We also need an auxiliary result, connecting the two types of “deformation”
with linear duality: the statement here is written in a “plain version”, but it also
extends to more general situation such as those of topological Hopf superalgebras,
including those associated with quantum supergroups.

Proposition 3.2.2. Let H be a Hopf superalgebra, and H∗ its linear dual.

(a) Let F be a twist for H , and σF the image of F in (H ⊗H)∗ for the natural
composed embedding H ⊗ H ↪−−→ H∗∗ ⊗ H∗∗ ↪−−→

(
H∗ ⊗H∗)∗ . Then σF is a

2–cocycle for H∗ , and there exists a canonical isomorphism
(
H∗)

σF

∼=
(
HF )∗

.

(b) Assume there exists a natural identification (H ⊗H)∗ = H∗ ⊗ H∗ (e.g., H
is finite-dimensional, or “⊗” is meant in a suitable, topological sense). Let σ be a
2–cocycle for H , and let Fσ be the image of σ through this identification. Then Fσ

is a twist for H∗ , and there exists a canonical isomorphism
(
H∗)Fσ ∼=

(
Hσ

)∗
. □

3.2.3. Multiparametric QFSHSA over GL p
n : the construction. We resume

assumptions, notation and terminology from §2.2. Let Uℏ
(
gl pn

)
be Yamane’s QUESA

from Definition 2.1.6, and let Fℏ
[[
GL p

n

]]
be the QFSHSA from Definition 3.1.6,

which naturally identifies with
(
Uℏ

(
gl pn

))∗
by Theorem 3.1.4(e).

We choose any antisymmetric matrix Φ =
(
ϕt,ℓ

)ℓ=1,...,n;

t=1,...,n;
∈ son

(
k[[ℏ]]

)
, and from

it two we define the element

FΦ := exp
(
ℏ 2−1

∑n
t,ℓ=1 ϕt,ℓ Γt ⊗ Γℓ

)
∈ Uℏ

(
gl pn

)
⊗̂Uℏ

(
gl pn

)
(3.19)

which is a twist element for Uℏ
(
gl pn

)
, in the standard sense recalled right above. The

corresponding twist deformation of Yamane’s QUESA is our MpQUESA, namely

UΦ
ℏ
(
gl pn

)
:= Uℏ

(
gl pn

)FΦ of Definition 2.2.2.

To make life easier, we adopt hereafter the simpler notation Uℏ(g) := Uℏ
(
gl pn

)
and Fℏ[[G ]] := Fℏ

[[
GL p

n

]]
. Now, according to Proposition 3.2.2, the twist FΦ of

Uℏ(g) identifies with some σΦ := σFΦ
which is a 2–cocycle for

(
Uℏ(g)

)∗
= Fℏ[[G ]] .

Indeed, σΦ is simply given by evaluation at F , namely

σΦ : Fℏ[[G ]]× Fℏ[[G ]] −−−→ k[[ℏ]] , (φ , ψ) 7→
〈
φ⊗ ψ , F

〉
(3.20)



14 FABIO GAVARINI , MARGHERITA PAOLINI

Now, from (3.20) and the formulas (3.18), direct calculation gives

σΦ

(
xi, r , xℓ, h

)
=

〈
xi, r ⊗ xℓ, h , F

〉
=

=
+∞∑
m=0

ℏm

m! 2m

〈
xi, r ⊗ xℓ, h ,

(∑n
t, k=1 ϕt,k Γt ⊗ Γk

)m 〉
=

=
+∞∑
m=0

ℏm

m! 2m

〈
∆(m−1)

(
xi, r ⊗ xℓ, h

)
,
(∑n

t, k=1 ϕt,k Γt ⊗ Γk

)⊗m
〉

Let us consider

〈
∆(m−1)

(
xi, r ⊗ xℓ, h

)
,
(∑n

t, k=1 ϕt,k Γt ⊗ Γk

)⊗m
〉

. Definitions give〈
∆(m−1)

(
xi, r ⊗ xℓ, h

)
,
(∑n

t, k=1 ϕt,k Γt ⊗ Γk

)⊗m
〉

=

=
n∑

s1,..., sm−1=1
e1,..., em−1=1

ϵ(s, e)

〈
xi, s1 ⊗ xℓ, e1 ⊗ · · · ⊗ xsm−1, r ⊗ xem−1, h ,

(
n∑

t, k=1

ϕt,k Γt ⊗ Γk

)⊗m〉
=

=
n∑

s1,..., sm−1=1
e1,..., em−1=1

ϵ(s, e)
m∏
c=1

n∑
t, k=1

ϕt,k
〈
xsc−1, sc , Γt

〉 〈
xec−1, ec , Γk

〉
where we set s0 := i , sm := r , e0 := ℓ , em := h and

ϵ(s , e ) := (−1)
∑m−2

t=0

∑m−1
k=t+1 p(xsk,sk+1

)·p(xet,et+1 ) (3.21)

Now, the formulas defining the pairing imply that
〈
xsc−1, sc , Γt

〉 〈
xec−1, ec , Γk

〉
= 0

when sc−1 ̸= sc or ec−1 ̸= ec ; therefore, in the previous computation all relevant
signs ϵ(s , e ) as in (3.21) actually boil down to be “+1 ” and eventually one gets

σΦ

(
xi, r , xℓ, h

)
= δi,r δℓ,h

+∞∑
m=0

ℏm

m! 2m

(∑n
t, k=1 ϕt,k

〈
xi, i , Γt

〉 〈
xℓ, ℓ , Γk

〉)m
=

= δi,r δℓ,h
+∞∑
m=0

ℏm

m! 2m
(ϕi,ℓ)

m = δi,r δℓ,h exp
(
ℏϕi,ℓ

)
= δi,r δℓ,h e

ℏ 2−1 ϕi,ℓ

i.e. σΦ

(
xi, r , xℓ, h

)
= δi,r δℓ,h e

ℏ 2−1ϕi,ℓ ∀ i , r, ℓ, h ∈ {1, . . . , n} (3.22)

Using this formula, the deformed product in Fℏ[[G ]]σΦ can be described as follows:

xr, s σ̇Φ xℓ, t := σΦ

(
(xr, s)(1) , (xℓ, t)(1)

)
(xr, s)(2) (xℓ, t)(2) σ

−1
Φ

(
(xr, s)(3) , (xℓ, t)(3)

)
=

= σΦ

(
xr, r , xℓ, ℓ

)
xr, s xℓ, t σ

−1
Φ

(
xs, s , xt, t

)
= eℏ 2−1(ϕr,ℓ −ϕs,t) xr, s xℓ, t

i.e. xr, s σ̇Φ xℓ, t = eℏ 2−1(ϕr,ℓ −ϕs,t) xr, s xℓ, t ∀ r, s, ℓ, t ∈ {1, . . . , n} (3.23)

Note that this formula shows how the new, deformed product is equivalent modulo
ℏ to the old one: this happens because we work with 2–cocycles σΦ of the form
σΦ = exp

(
ℏ ς

)
where ς ∈

(
Fℏ[[G ]]⊗ Fℏ[[G ]]

)∗
, so that σΦ = id + O(ℏ) . By

this same reason, any set of elements which generate, as an algebra, the QFSHSA
Fℏ[[G ]] will also generate it w.r.t. the new, deformed product. For this reason, (3.23)
is enough to describe Fℏ[[G ]]σΦ as the latter is generated (w.r.t. the new product)
by the xr, s’s, just like Fℏ[[G ]] was (with the old product).

More in detail, from the original presentation of Fℏ[[G ]] by generators — the xr, s’s
— and relations — namely, those in Theorem 3.1.4 — using (3.23) above we find a
similar presentation of Fℏ[[G ]]σΦ by generators — the xr, s’s again — and relations,
where the latter depend on “multiparameters” of the form

q r,s := q ϕr,s = eℏϕr,s ∀ r, s ∈ {1, . . . , n}
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Now, when writing these relations in detail, one finds the following outcome:

Theorem 3.2.4. There exists a unique topological k[[ℏ]]–superbialgebra F Φ
ℏ
[[
GL p

n

]]
enjoying the following properties:

(a) it is topologically generated by
{
xij

∣∣ i , j ∈ In
}
, with parity |xij| = pij :=

p(i) + p(j) , subject to the following relations:

x2ij = 0
(
pij = 1̄

)
xij xik = (−1)pijpikq i q

−1
j,k xik xij

(
j < k

)
xij xhj = (−1)pijphjqj q

+1
i,h xhj xij

(
i < h

)
xij xhk = (−1)pijphk q +1

i,h q
−1
j,k xkh xij

(
i < h , j > k

)
xij xhk = (−1)pijphk q +1

i,h q
−1
j,k xhk xij +(−1)pijpik

(
q+1
i −q−1

i

)
q −1
j,k xik xhj

(
i < h

j < k

)
where q := eℏ , q s := eℏ (−1)p(s) = q(−1)p(s) , q r,s := eℏϕr,s = q ϕr,s ;

(b) it is complete with respect to the Iℏ–adic relation, where Iℏ is the two-sided
ideal of F Φ

ℏ
[[
GL p

n

]]
generated by the set

{
xij − δij

∣∣ i, j ∈ In
}
∪
{
ℏ 1FΦ

ℏ [[GLp
n]]

}
;

(c) its coproduct and counit are defined, in terms of the above presentation, by

∆(xij) =
n∑
a=1

(−1)piapajxia ⊗ xaj , ϵ(xij) = δij ∀ i , j ∈ In (3.24)

(d) it admits a non-degenerate pairing of (topological) k[[ℏ]]–superbialgebras
⟨ , ⟩ : F Φ

ℏ
[[
GL p

n

]]
× UΦ

ℏ
(
gl pn

)
−−−−→ k[[ℏ]]

given on generators — ∀ i , j , k ∈ In , t ∈ In−1 — by〈
xij , Et

〉
= δi,t δj,t+1 ,

〈
xij , Ft

〉
= δi,t+1 δj,t ,

〈
xij , Γk

〉
= δi,k δj,k (3.25)

(e) through the pairing in (d) above, it is isomorphic (as a topological k[[ℏ]]–
superbialgebra) to UΦ

ℏ
(
gl pn

)∗
, the linear dual to UΦ

ℏ
(
gl pn

)
. In particular, F Φ

ℏ
[[
GL p

n

]]
itself is a (topological) Hopf superalgebra over k[[ℏ]] .

(f) it is isomorphic (as a topological k[[ℏ]]–superbialgebra) to the deformation of
Fℏ

[[
GL p

n

]]
by the 2–cocycle σΦ in (3.20), that is F Φ

ℏ
[[
GL p

n

]] ∼= (
Fℏ

[[
GL p

n

]])
σΦ

.

Proof. The key to the whole statement is claim (f), with the latter — and then
everything else — following from the construction detailed in §3.2.3 above.

Let now see the details. In §3.2.3 above we got an explicit, concrete description
of the deformed Hopf superalgebra

(
Fℏ

[[
GL p

n

]])
σΦ

. In particular:

(1) as a (topological) k[[ℏ]]–coalgebra it coincides with Fℏ
[[
GL p

n

]]
, by definition;

(2) the original generators xij in Fℏ
[[
GL p

n

]]
=

(
Fℏ

[[
GL p

n

]])
σΦ

still generate(
Fℏ

[[
GL p

n

]])
σΦ

with respect to its new, deformed product “ σ̇Φ ”;

(3) the link between the new product “ σ̇Φ ” and the old one “ · ” is given by

xr, s σ̇Φ xℓ, t =
(
q+1
r,ℓ q

−1
s,t

)+1/2
xr, s · xℓ, t ∀ r, s, ℓ, t ∈ {1, . . . , n} (3.26)

where q±1
r,s := e±ℏϕr,s = q±ϕr,s .

Then we get a presentation for
(
Fℏ

[[
GL p

n

]])
σΦ

using as generators the xij’s (for

all i , j ∈ In ) and deducing a full set of relations among them by taking the original
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relations among them with respect to the old product and re-writing them in terms
of the new one, by means of repeated applications of (3.26).
In order to illustrate this on a concrete example, we perform the computation

to deduce the las trelation in claim (a) — where the symbol “ σ̇Φ ” is omitted for
simplicity — directly from the last relation in claim (a) of Theorem 3.1.4, i.e. for
the original, undeformed Hopf superalgebra Fℏ

[[
GL p

n

]]
. By repeated applications

of (3.26), direct calculations give (for i < h , j < k )

xij σ̇Φ xhk
(3.26)
=

(
q+1
i,h q

−1
j,k

)+1/2
xi, j · xh, k =

= q
+1/2
i,h q

−1/2
j,k

(
(−1)pijphk xhk · xij + (−1)pijpik

(
q+1
i − q−1

i

)
xik · xhj

)
=

= (−1)pijphk q
+1/2
i,h q

−1/2
j,k xhk · xij + (−1)pijpik

(
q+1
i − q−1

i

)
q

+1/2
i,h q

−1/2
j,k xik · xhj

(3.26)
=

(3.26)
= (−1)pijphk q

+1/2
i,h q

−1/2
j,k q

−1/2
h,i q

+1/2
k,j xhk σ̇Φ xij +

+ (−1)pijpik
(
q+1
i − q−1

i

)
q

+1/2
i,h q

−1/2
j,k q

−1/2
i,h q

+1/2
k,j xik σ̇Φ xhj =

= (−1)pijphk q +1
i,h q

−1
j,k xhk σ̇Φ xij + (−1)pijpik

(
q+1
i − q−1

i

)
q −1
j,k xik σ̇Φ xhj

which eventually, dropping the symbols “ σ̇Φ ”, yields the expected formula, q.e.d.
All other relations are obtained through a similar process. By this analysis, we

get that F Φ
ℏ
[[
GL p

n

]]
:=

(
Fℏ

[[
GL p

n

]])
σΦ

does fulfil claims (a), (b), (c) and (f).

We are left now with claims (d) and (e). In fact, both follow from the parallel
claims in Theorem 3.1.4 and a direct application of Proposition 3.2.2(a), namely to
H := Uℏ

(
gl pn

)
and H∗ = Fℏ

[[
GL p

n

]]
. □

Definition 3.2.5. We call the (topological) Hopf superalgebra F Φ
ℏ
[[
GL p

n

]]
intro-

duced in Theorem 3.1.4 above the multiparametric quantized formal series Hopf
superalgebra (or just “QFSHSA”, in short) associated with the Poisson supergroup

GL p
n and the multiparameter Φ :=

(
ϕij

)j∈In
i∈In

∈ son
(
k[[ℏ]]

)
. ⋄

3.2.6. Specialisation to semiclassical limit. When dealing with the QFSHSA’s
Fℏ

[[
GL p

n

]]
and F Φ

ℏ
[[
GL p

n

]]
, only one “specialisation” of the quantum parameter ℏ

is possible, namely the one yielding the “semiclassical limits”

F0

[[
GL p

n

]]
:= Fℏ

[[
GL p

n

]]/
ℏFℏ

[[
GL p

n

]]
in the first case and

F Φ

0

[[
GL p

n

]]
:= F Φ

ℏ
[[
GL p

n

]]/
ℏF Φ

ℏ
[[
GL p

n

]]
in the second one. One easily sees that

F0

[[
GL p

n

]] ∼= F
[[
GL p

n

]]
and F Φ

0

[[
GL p

n

]] ∼= F
[[
GL p

n

]]
as Hopf superalgebras over k , where F

[[
GL p

n

]]
is the “algebra of functions on

the formal algebraic group” associated with GL p
n . There is, however, a difference:

indeed, from its “uniparametric” quantisation Fℏ
[[
GL p

n

]]
the Hopf superalgebra

F
[[
GL p

n

]]
inherits in addition a Poisson bracket { , } — turning GL p

n into a
“formal Poisson group” — which is different from the bracket { , }Φ inherited from
the “multiparametric” quantisation F Φ

ℏ
[[
GL p

n

]]
. For instance, computations give{

xij , xik
}

= (−1)pij pik (−1)p(i) ,
{
xij , xik

}
Φ
= (−1)pij pik

(
(−1)p(i) − ϕjk

)



MULTIPARAMETER QUANTUM GENERAL LINEAR SUPERGROUP 17

for all i , j , k ∈ In with j < k . In a nutshell, this proves that the QFSHA’s
Fℏ

[[
GL p

n

]]
and F Φ

ℏ
[[
GL p

n

]]
— for different ϕ’s — are all quantisations of one and

the same formal group (over GL p
n ), but they endow this shared semiclassical limit

with different Poisson structures, depending on the different multiparameters Φ .

We finish this subsection with a PBW-like theorem, that is the multiparametric
counterpart of Theorem 3.1.7 above (which deals with the uniparametric case): in-
deed, the roof follows exactly the same line of reasoning, with the same arguments,
so we do not need to replicate it again.

Theorem 3.2.7. (PBW Theorem for F Φ
ℏ
[[
GL p

n

]]
) Let us fix any total order in

the set
{
xij

∣∣ i, j ∈ In
}

of generators of F Φ
ℏ
[[
GL p

n

]]
. Then the set of all ordered

monomials in the xij’s, namely{ −→∏
i,j∈In

x
eij
ij

∣∣∣∣ eij ∈ N , ∀ i , j ∈In , eij ≤ 1 if pi,j = 1̄

}
is a k[[ℏ]]–basis (in topological) of the k[[ℏ]]–module F Φ

ℏ
[[
GL p

n

]]
. □

4. Polynomial versions of quantum general linear supergroups

In this section we introduce “polynomial versions”, so to speak, of the QFSHSA’s
considered in §3, both in the uniparametric and in the multiparametric setup.

4.1. Yamane’s polynomial QUESA’s for the general linear supergroup.
Just like in the non-super framework, from Yamane’s QUESA Uℏ

(
gl pn

)
as in §2.1

one can pull out a “polynomial version”, i.e. a Jimbo-Lusztig version of it: the main
difference is that, while Uℏ

(
gl pn

)
is a formal Hopf superalgebra — over k[[ℏ]] — its

polynomial version is instead a usual, non-formal Hopf superalgebra.
We retain terminology and notation as in §2.1. In addition, we let k

[
q , q−1

]
be

the k–algebra Laurent polynomials in the indeterminate q with coefficients in k : its
field of fractions is the field k(q) of rational functions in q with coefficients in k .

Definition 4.1.1. We define rational QUESA over gl pn , denoted by Uq
(
gl pn

)
, the

associative, unital k(q)–superalgebra with generators

E1 , E2 , . . . , En−1 , L
±1
1 , L±1

2 , . . . , L±1
n−1 , L

±1
n , F1 , F2 , . . . , Fn−1

having parity |Er| := pr,r+1 ,
∣∣L±1

s

∣∣ := 0 , |Fr| := pr+1,r — for all r ∈ In−1 and
s ∈ In — and relations (for all i , j ∈ In−1 := {1, . . . , n−1} , k , ℓ ∈ In := {1, . . . , n} )[

L±1
k , L±1

ℓ

]
= 0 , L±1

k L∓1
k = 1 (4.1)

L±1
k Fj L

∓1
k = q±(δk,j+1−δk,j) Fj , L±1

k Ej L
∓1
k = q±(δk,j−δk,j+1)Ej = 0 (4.2)

[Ei , Fj] − δi,j
K+1
i −K−1

i

q+1
i − q−1

i

= 0 (4.3)

E2
i = 0 , F 2

i = 0 if pi, i+1 = 1̄ = pi+1, i (4.4)

[Ei , Ej] = 0 , [Fi , Fj] = 0 if |i− j| > 1 (4.5)

E2
i Ej −

(
q + q−1

)
EiEj Ei + Ej E

2
i = 0 if pi, i+1 = 0̄ and |i− j| = 1

F 2
i Fj −

(
q + q−1

)
Fi Fj Fi + Fj F

2
i = 0 if pi+1, i = 0̄ and |i− j| = 1

(4.6)
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[Ei, Ej]qj , Ek

]
qj+1

, Ej
]
= 0 if pj, j+1 = 1̄ and k = j + 1 = i+ 2[[

[Fi, Fj]qj , Fk
]
qj+1

, Ej
]
= 0 if pj+1, j = 1̄ and k = j + 1 = i+ 2

(4.7)

where hereafter we use such notation as

K±1
i :=

(
L
(−1)p(i)

i L
(−1)p(i+1)

i+1

)±1

[A ,B]c := AB − c (−1)|A| |B|BA , [A ,B] := [A ,B]1 ⋄

The key fact about the superalgebra Uq
(
gl pn

)
is the following easy result:

Theorem 4.1.2. There exists a unique structure of Hopf k(q)–superalgebra on the
superalgebra Uq

(
gl pn

)
which is described by the following formulas on generators (for

all i ∈ In−1 , k ∈ In ):

∆(Ei) = Ei ⊗ 1 +K+1
i ⊗ Ei , S(Ei) = −K−1

i Ei , ϵ(Ei) = 0

∆
(
L±1
k

)
= L±1

k ⊗ L±1
k , S

(
L±1
k

)
= L∓1

k , ϵ
(
L±1
k

)
= 1

∆(Fi) = Fi ⊗K−1
i + 1⊗ Fi , S(Fi) = −FiK+1

i , ϵ(Fi) = 0

Proof. Consider the field k((ℏ)) of Laurent series in ℏ , which is the quotient field of
k[[ℏ]] . Take in k[[ℏ]] the element q := exp(ℏ) : then the subfield k(q) of k((ℏ)) is an
isomorphic copy of the field of rational functions in one indeterminate with coeffi-
cients in k . Let k((ℏ))⊗k[[ℏ]] Uℏ

(
gl pn

)
be the scalar extension — from k[[ℏ]] to k((ℏ))

— of Uℏ
(
gl pn

)
: inside it, we consider the unital k(q)–subsuperalgebra generated by

the set
{
Ei , L

±1
k := exp(±ℏΓk) , Fi

∣∣ i ∈ In−1 , k ∈ In
}
, denoted by U ′

q . Then the

presentation of Uℏ
(
gl pn

)
by generators and relations induces at once a presentation

for U ′
q with the given generators and with relations from (4.1) through (4.7). There-

fore, U ′
q is isomorphic to Uq

(
gl pn

)
as a k(q)–superalgebra. Finally, it is immediate to

see that the coproduct, counit and antipode maps for Uℏ
(
gl pn

)
automatically induce

similar, well-defined maps for U ′
q , that are explicitly described on generators by the

formulas in the statement above. In particular, the coproduct map takes values in
the standard, algebraic tensor product U ′

q ⊗k(q) U
′
q : therefore U ′

q — hence Uq
(
gl pn

)
as well — is a (standard) Hopf algebra over k(q) , as all required conditions are
automatically fulfilled as they were by the original structure maps in Uℏ

(
gl pn

)
. □

For later use, we need also an “integral” version of Uq
(
gl pn

)
, defined as follows:

Definition 4.1.3. Inside Uq
(
gl pn

)
, consider the elements

Θi :=
L
+(−1)p(i)

i L
−(−1)p(i+1)

i+1 − L
−(−1)p(i)

i L
+(−1)p(i+1)

i+1

q+1
i − q−1

i

∀ i ∈ In−1

We define integral QUESA over gl pn , denoted by U int
q

(
gl pn

)
, the unital subsuper-

algebra over k
[
q , q−1

]
generated by

{
Ei , L

±1
k , Θi , Fi

∣∣ i ∈ In−1 , k ∈ In
}
.

The following is an immediate consequence of Theorem 4.1.2 above:

Proposition 4.1.4. U int
q

(
gl pn

)
is a Hopf subsuperalgebra — over k

[
q , q−1

]
— of the

Hopf k(q)–superalgebra Uq
(
gl pn

)
. □
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4.2. Polynomial QFSA’s for the general linear supermonoid. Let us consider
the unital k–superalgebra ML p

n := Matn×n(k) of all square matrices of size n
with entries in k , with Z2–grading given by |eij| := pi, j = p(i) + p(j) for all
i , j ∈ In , where eij denotes the (i , j)–th elementary matrix. This is of course an
algebraic supermonoid (=supersemigroup with unit) — with respect to the row-by-
column multiplication — whose k–superalgebra of “regular functions” is F

[
ML p

n

]
=

k
[
{xi, j

∣∣ i , j∈In}] , the k–superalgebra of (super)polynomials in the xij’s with Z2–

grading induced by
∣∣xij∣∣ := pi, j = p(i) + p(j) .

Our next result provides a suitable “quantisation” of F
[
ML p

n

]
, as follows:

Theorem 4.2.1. There exists a unique k
[
q , q−1

]
–superbialgebra F int

q

[
ML p

n

]
enjoy-

ing the following properties:

(a) it is generated by
{
xij

∣∣ i , j ∈ In
}
, with parity |xij| = pij := p(i) + p(j) ,

subject to the following relations, where qs := q(−1)p(s) :

x2ij = 0 for pij = 1̄

xij xik = (−1)pijpikqi xik xij for j < k

xij xhj = (−1)pijphjqj xhj xij for i < h

xij xhk = (−1)pijphkxkh xij for i < h , j > k

xij xhk = (−1)pijphkxhk xij + (−1)pijpik
(
q+1
i − q−1

i

)
xik xhj for i < h , j < k

(b) its coproduct and counit are defined, in terms of the above presentation, by

∆(xij) =
n∑
a=1

(−1)piapajxia ⊗ xaj , ϵ(xij) = δij ∀ i , j ∈ In (4.8)

(c) it admits a non-degenerate pairing of k
[
q , q−1

]
–superbialgebras

⟨ , ⟩ : F int
q

[
ML p

n

]
× U int

q

(
gl pn

)
−−−−→ k

[
q , q−1

]
given on generators — ∀ i , j , k ∈ In , t ∈ In−1 — by〈

xij , Et
〉

= δi,t δj,t+1 ,
〈
xij , Ft

〉
= δi,t+1 δj,t ,

〈
xij , Γk

〉
= δi,k δj,k (4.9)

(d) it admits an embedding F int
q

[
ML p

n

]
↪−−−−→Fℏ

[[
GL p

n

]]
of Hopf k

[
q , q−1

]
–

superalgebras — where on the right-hand side we consider the k
[
q , q−1

]
–module

structure given by restriction from k[[ℏ]] through k
[
q , q−1

]
↪−−−→ k[[ℏ]] given by

P
(
q , q−1

)
7→ P

(
e+ℏ , e−ℏ

)
— which is uniquely given by xij 7→ xij for all i , j ∈ In .

(e) Let Fq
[
ML p

n

]
:= k(q)⊗k[q,q−1]F

int
q

[
ML p

n

]
be the scalar extension of F int

q

[
ML p

n

]
.

Then the like of claims (a) through (c) hold true as well, with k(q) replacing
k
[
q , q−1

]
, Fq

[
ML p

n

]
replacing F int

q

[
ML p

n

]
, and Uq

(
gl pn

)
replacing U int

q

(
gl pn

)
.

Proof. The proof mimics closely that of Theorem 4.1.2, and then deduces the result
out of Theorem 3.1.4. First of all, we define F int

q

[
ML p

n

]
by generators and relations

as prescribed in claim (a).
Second, like in the proof of Theorem 4.1.2 we observe that eℏ := exp(ℏ) generates

in k((ℏ)) a field extension of k isomorphic to k(q) , hence we identify that extension
with k(q) and eℏ with q . Similarly, the k–subalgebra of k[[ℏ]] generated by e+ℏ and
e−ℏ identifies with the k–algebra k

[
q , q−1

]
. Now, inside Fℏ

[[
GL p

n

]]
we consider the

unital k
[
q , q−1

]
–subalgebra F †

q generated by the set
{
xij

∣∣ i , j ∈ In
}

of the built-

in generators of Fℏ
[[
GL p

n

]]
. Then the presentation of Fℏ

[[
GL p

n

]]
by generators
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and relations induces at once a presentation for F †
q , with the given generators and

with relations as in claim (a). It follows that F †
q is isomorphic to F int

q

[
ML p

n

]
as a

k
[
q , q−1

]
–superalgebra. Finally, it is immediate to see that F †

q is actually a sub-

superbialgebra — over k
[
q , q−1

]
— of Fℏ

[[
GL p

n

]]
: more precisely, as such it is a

standard (i.e., non-topological) superbialgebra, as the coproduct map takes values
in the standard, algebraic tensor product F †

q ⊗k[q, q−1] F
†
q . Moreover, its coproduct

and counit are described on generators. All this proves that an object F int
q

[
ML p

n

]
as claimed which fulfils claims (a), (b), (c) and (d) does exist.

Eventually, claim (d) follows trivially from the previous ones. □

Definition 4.2.2. We call F int
q

[
ML p

n

]
, resp. Fq

[
ML p

n

]
, the integral, resp. rational,

quantum function superalgebra over ML p
n . ⋄

Remark 4.2.3. It is worth stressing that F int
q

[
ML p

n

]
and Fq

[
ML p

n

]
alike are just

superbialgebras, yet they are not Hopf superalgebras. In order to achieve such
objects, we should enlarge F int

q

[
ML p

n

]
— hence Fq

[
ML p

n

]
as well — by adding the

inverse of some carefully chosen “quantum Berezinian”: this goes, however, beyond
the scopes of the present work.

We have also a PBW-like theorem (an “integral version” of Theorem 3.1.7) that
provides a k

[
q , q−1

]
–basis of ordered, truncated monomials in the generators:

Theorem 4.2.4. (PBW Theorem for F int
q

[
ML p

n

]
and Fq

[
ML p

n

]
) Let us fix any total

order in the set
{
xij

∣∣ i, j ∈ In
}

of generators of F int
q

[
ML p

n

]
. Then the set

B :=

{ −→∏
i,j∈In

x
eij
ij

∣∣∣∣ eij ∈ N , ∀ i , j ∈In , eij ≤ 1 if pi,j = 1̄

}
of all truncated ordered monomials in the xij’s is a k

[
q , q−1

]
–basis of the k

[
q , q−1

]
–

module Fq
[
ML p

n

]
. In particular, then, the k

[
q , q−1

]
–module F int

q

[
ML p

n

]
is free.

A parallel result holds for Fq
[
ML p

n

]
:= k(q)⊗k[q , q−1] F

int
q

[
ML p

n

]
as well, namely

B is a k(q)–basis of Fq
[
ML p

n

]
.

Proof. It is enough to prove the claim about F int
q

[
ML p

n

]
, so we focus on that.

To begin with, note that F int
q

[
ML p

n

]
is clearly spanned over k

[
q , q−1

]
by the

set of all (possibly unordered) monomials in the xij’s. Moreover, giving degree 1
to each generator xij defines an N–grading on F int

q

[
ML p

n

]
(in a nutshell, because

the relations among the generators are “homogeneous”), with F int
q

[
ML p

n

]
= ⊕
m∈N

Fm

where each Fm is the k
[
q , q−1

]
–span of all monomials (in the xij’s) of degree m .

Thus, it is enough for us to prove that each direct summand Fm (m ∈ N ) admits
as k

[
q , q−1

]
–basis the set Bm of all truncated, ordered monomial of degree m .

First of all, we prove that Bm does generate all of Fm as a k
[
q , q−1

]
–module.

Take any (possibly unordered) monomial in the xij’s of degree m (∈ N) , say
x := xi1,ji xi2,j2 · · · xim,jm : we define its weight as

w(x ) :=
(
m, d1,1 , d1,2 , . . . , d1,n , . . . , d2,n , d3,1 , . . . , dn−1,n , dn,1 , . . . , dn,n , i(x )

)
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where

di,j :=
∣∣{ s∈{1, . . . , k}

∣∣ (is, js) = (i, j)
}∣∣ = number of occurrences of xij in x

and i(x ) := number of inversions of the order occurring in x

Then w(x ) ∈ Nn2+2 , and we consider Nn2+2 as a totally ordered set with respect
to the (total) lexicographic order ≤lex . Now consider again the defining relations of
F int
q

[
ML p

n

]
, namely

x2ij = 0 for pij = 1̄

xij xik = (−1)pijpikqi xik xij for j < k

xij xhj = (−1)pijphjqj xhj xij for i < h

xij xhk = (−1)pijphkxkh xij for i < h , j > k

xij xhk = (−1)pijphkxhk xij + (−1)pijpik
(
q+1
i − q−1

i

)
xik xhj for i < h , j < k

as in Theorem 4.2.1(a). We will see now how we can use them to re-write any mono-
mial x as above into a k

[
q , q−1

]
–linear combination of similar monomials having

lower weight in the totally ordered set
(
Nn2+2, ≤lex

)
.

The very first relation just tells us that in any monomial x as above we can always,
roughly speaking, “reduce modulo 2 every exponent eij with pi,j = 1̄ ”. The outcome
of any such “reduction step” is a new monomial x′ whose total degree m′ is strictly
smaller than the total degree m of x : in particular, it is also w

(
x′
)
≨ w(x ) .

We use the other relations, instead, to “decrease the number of inversions” in x .
Indeed, let xij and xhk be two consecutive factors in x such that xij ⪶ xhk , where
⪯ is our fixed total order in the set of all generators

{
xrs

∣∣ r , s ∈ In
}
.

First assume that h = i and j < k : then using the second relation in the above
list we replace the factor “xij xik ” in x with the new factor “ (−1)pijpikqi xik xij ”.
Then, pulling out the contribution “ (−1)pijpikqi ” we and up with x = (−1)pijpikqi x

′

where x′ is a new monomial with w
(
x′
)
≨lex w(x ) , because we have i

(
x′
)
≨ i(x )

in the last component of the two weights, whereas all other components are the same.
If instead we have h = i but j > k , then the same argument — but for reading
the same relation the other way round — gives us x = (−1)pijpikq−1

i x′ where x′ is
a new monomial such that i

(
x′
)
≨ i(x ) and w

(
x′
)
≨lex w(x ) , just as before.

As a second step, assume that k = j : then again, a perfectly similar argument,
now using the third relation in the list, yields x = ± q±1

j x′ for a suitable choice of

signs with i
(
x′
)
≨ i(x ) and w

(
x′
)
≨lex w(x ) again. The third step is for i < h

and j > k : in this case one uses the fourth relation and finds x = ±x′ with
i
(
x′
)
≨ i(x ) and w

(
x′
)
≨lex w(x ) . Moreover, reading the same formula the other

way round, one gets a parallel result in the case when h < i and k > j as well.
Finally, we are left with the case when i < h and j < k or h < i and k < j ; we

start looking at the first case. Using the fifth (and last) relation above, we can replace
the factor “xij xhk ” in x with “ (−1)pijpikxhk xij + (−1)pijpik

(
q+1
i − q−1

i

)
xik xhj ”:

it follows then that

x = (−1)pijpikx′ + (−1)pijpik
(
q+1
i − q−1

i

)
x′′

where x′ and x′′ are monomials such that i
(
x′
)
≨ i(x ) and w

(
x′
)
≨lex w(x ) and

also w
(
x′′
)
≨lex w(x ) , just by construction.

Now, in all steps considered above, the initial monomial x is always re-written as
a k

[
q , q−1

]
–linear combination of (one or two) monomials whose weight is strictly
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smaller than that of x . Therefore, by induction we can assume that those monomials
do belong to the k

[
q , q−1

]
–span of Bm , and then the same holds for x as well, q.e.d.

We are still left to show that the monomials in Bm are linearly independent over
k
[
q , q−1

]
. Indeed, we can prove that by a standard “specialisation trick”.

First of all, we note that F int
q

[
ML p

n

]
, as a k

[
q , q−1

]
–module, is torsion free: this

follows at once from the existence of the embedding F int
q

[
ML p

n

]
↪−−−→Fℏ

[[
GL p

n

]]
,

see Theorem 4.2.4. It follows then each k
[
q , q−1

]
–submodule Fm is free as well.

Now assume that
∑

b∈Bm
cb b = 0 is some k

[
q , q−1

]
–linear dependence relation

among elements of Bm , with cb ̸= 0 for some b ∈ Bm . Since Fm is torsion free, we
can assume that cb := cb mod (q − 1)k

[
q , q−1

]
is such that cb ̸= 0 for some b ∈

Bm . Then the relation
∑

b∈Bm
cb b = 0 in Fm

(
⊆ F int

q

[
ML p

n

])
yields

∑
cb ̸=0 cb b =

0 in F
[
ML p

n

]
, where b denotes the coset of b modulo (q− 1)F int

q

[
ML p

n

]
: but this

is impossible, because the b’s are just the truncated monomials in the xij’s, which
form a k–basis of F

[
ML p

n

]
. Thus Bm is k

[
q , q−1

]
–linearly independent, q.e.d. □

4.3. Multiparametric QFSA’s for the general linear supermonoid. Just like
we did in the uniparametric case, we can introduce suitable (polynomial) QFSA’s for
ML p

n in the multiparametric case as well. To this end, we fix a first indeterminate

q and a whole antysimmetric matrix q :=
(
q ij

)j∈In
i∈In

of further indeterminates (so

that q ij + q ji = 0 for all i < j ): we let k
[
q±1,q±1

]
:= k

[{
q±1, q±1

ij

}j∈In
i∈In

]
be the

associated k–algebra of Laurent polynomials, and k(q ,q ) := k
({
q , q±1

ij

}j∈In
i∈In

)
be

the associated field of fractions.
The following result is the announced multiparametric counterpart of Theorem

4.2.1: its proof is entirely similar, hence it is left to the reader.

Theorem 4.3.1.

(a) There exists a unique k
[
q±1,q±1

]
–superbialgebra F int

q

[
ML p

n

]
such that:

(a.1) it is generated by
{
xij

∣∣ i , j ∈In} , with parity |xij| = pij := p(i) + p(j) ,

subject to the following relations, where qs := q(−1)p(s) :

x2ij = 0
(
pij = 1̄

)
xij xik = (−1)pijpikq i q

−1
j,k xik xij

(
j < k

)
xij xhj = (−1)pijphjqj q

+1
i,h xhj xij

(
i < h

)
xij xhk = (−1)pijphk q +1

i,h q
−1
j,k xkh xij

(
i < h , j > k

)
xij xhk = (−1)pijphk q +1

i,h q
−1
j,k xhk xij +(−1)pijpik

(
q+1
i −q−1

i

)
q −1
j,k xik xhj

(
i < h

j < k

)
(a.2) its coproduct and counit maps are defined, in terms of generators, by

∆(xij) =
n∑
a=1

(−1)piapajxia ⊗ xaj , ϵ(xij) = δij ∀ i , j ∈ In (4.10)

(b) Let Fq

[
ML p

n

]
:= k(q ,q ) ⊗k[q±1,q±1] F

int
q

[
ML p

n

]
be the scalar extension of

F int
q

[
ML p

n

]
. Then the like of claims (a) through (c) hold true as well, with k(q ,q )

replacing k
[
q±1,q±1

]
and Fq

[
ML p

n

]
replacing F int

q

[
ML p

n

]
.



MULTIPARAMETER QUANTUM GENERAL LINEAR SUPERGROUP 23

Definition 4.3.2. We call F int
q

[
ML p

n

]
, resp. Fq

[
ML p

n

]
, the integral, resp. rational,

multiparametric quantum function superalgebra over ML p
n . ⋄

Remarks 4.3.3.

(a) Let us choose a field extension k′ of k , and an antisymmetric matrix Φ =(
ϕt,ℓ

)ℓ=1,...,n;

t=1,...,n;
∈ son

(
k′[[ℏ]]

)
such that the set

{
eℏϕt,ℓ := exp(ℏϕt,ℓ)

∣∣ t < ℓ
}
∪
{
eℏ :=

exp(ℏ)
}

is algebraically independent over k . Let F Φ
ℏ
[[
GL p

n

]]
be the corresponding

multiparametric QFSHA over k′[[ℏ]] . Then, by its very construction, F int
q

[
ML p

n

]
comes equipped with a canonical embedding

F int
q

[
ML p

n

]
↪−−−→ F Φ

ℏ
[[
GL p

n

]]
, xij 7→ xij

(
∀ i , j ∈ In

)
which extends the embedding k

[
q±1,q±1

]
↪−−−→ k′[[ℏ]] of their respective ground

rings given by c 7→ c (∀ c ∈ k ) , q±1 7→ e±ℏ , q±1
ij 7→ e±ℏϕi,j/2

(
∀ i , j ∈ In

)
.

Now, through this embedding, one sees that F int
q

[
ML p

n

]
also admits a canonical,

non-degenerate pairing which is the multiparametric counterpart of that in Theorem
4.2.1(c), and is described in fact by the very same formulas. Unfortunately, the
definition of the “multiparametric counterpart of U int

q

(
gl pn

)
” is somewhat tricky, so

we do not delve into details any more. Similar remarks apply to Fq

[
ML p

n

]
as well.

(b) Here again, we stress that both F int
q

[
ML p

n

]
and Fq

[
ML p

n

]
are just k–superbial-

gebras, but not Hopf superalgebras. Again, to get Hopf-like objects one should en-
large those superbialgebras by adding the inverse of some carefully chosen “quantum
Berezinian”, which goes far beyond the scopes of the present work.

4.3.4. Multiparametric QFSA’s as 2–cocycle deformations. It is worth
stressing that one can also obtain F int

q

[
ML p

n

]
, resp. Fq

[
ML p

n

]
, from its “unipara-

metric counterpart” F int
q

[
ML p

n

]
, resp. Fq

[
ML p

n

]
, directly via a process of deforma-

tion by 2–cocycle, after an initial extension of scalars. We present the construction
for F int

q

[
ML p

n

]
, from which that for Fq

[
ML p

n

]
follows too, e.g. by scalar extension.

Let F int
q, •

[
ML p

n

]
:= k

[
q±1,q±1

]
⊗k[ q , q−1] F

int
q

[
ML p

n

]
, with its built-in structure

of k
[
q±1,q±1

]
–superbialgebra; then let us extend again to the larger superbialgebra

F
√
int

q, •
[
ML p

n

]
:= k

[
q±1/2,q±1/2

]
⊗k[ q±1 ,q±1] F

int
q, •

[
ML p

n

]
where k

[
q±1/2,q±1/2

]
is the

extension of k
[
q±1,q±1

]
obtained by taking formal square roots q±1/2 and q

±1/2
ij of

q±1 and of q±1
ij (∀ i , j ∈ In ). Due to Theorem 4.2.4, the set of truncated ordered

monomials (with obvious abuse of notation)

B :=

{ −→∏
i,j∈In

x
eij
ij

∣∣∣∣ eij ∈ N , ∀ i , j ∈In , eij ≤ 1 if pi,j = 1̄

}
is a k

[
q±1/2, q±1/2

]
–basis of F

√
int

q, •
[
ML p

n

]
. Then we use this k

[
q±1/2, q±1/2

]
–basis

to define a map σΦ ∈
(
F

√
int

q, •
[
ML p

n

]
⊗ F

√
int

q, •
[
ML p

n

])∗
by setting

σΦ

( −→∏
i,j∈In

x
e′ij
ij ,

−→∏
i,j∈In

x
e′′ij
ij

)
:=

∏
i ̸=j

δe′ij ,0 δe′′ij ,0
n∏

r,s=1

q e
′
rr e

′′
ss

r,s (4.11)

Then this σΦ is a 2–cocycle for the Hopf algebra F
√
int

q, •
[
ML p

n

]
, in the usual sense: in-

deed, if we pick the embedding F int
q

[
ML p

n

]
↪−→ Fℏ

[[
GL p

n

]]
in Theorem 3.1.4(d) and

extend it to an embedding F
√
int

q, •
[
ML p

n

]
↪−−−→ k

[
q±1/2,q±1/2

]
⊗

k[ q+1/2, q−1/2]
Fℏ

[[
GL p

n

]]
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(via scalar extension), then the σΦ defined by (4.11) is nothing but the restriction to

F
√
int

q, •
[
ML p

n

]
of the 2–cocycle σΦ of k

[
q±1/2,q±1/2

]
⊗

k[ q+1/2, q−1/2]
Fℏ

[[
GL p

n

]]
given (via

scalar extension) by (3.20) in §3.2.3 — in particular, then, the latter is a 2–cocycle
just because the former is.

Using the 2–cocycle σΦ of F
√
int

q, •
[
ML p

n

]
we can construct the deformed Hopf su-

peralgebra
(
F

√
int

q, •
[
ML p

n

])
σΦ

. Then, repeating the analysis made in §3.2.3 and in

the proof of Theorem 3.2.4 (up to minimal changes) we find that

Claim:
(
F

√
int

q, •
[
ML p

n

])
σΦ

has the structure described in Theorem 4.3.1,

but for the scalar extension from k
[
q±1,q±1

]
to k

[
q±1/2,q±1/2

]
.

Finally, at this point F int
q

[
ML p

n

]
identifies with the k

[
q±1,q±1

]
–subalgebra of(

F
√
int

q, •
[
ML p

n

])
σΦ

generated (once again!) by the xij’s. Therefore, in force of the

above Claim , we can loosely say (just neglecting any intermediate change of scalars
step) that

“F int
q

[
ML p

n

]
is a 2–cocycle deformation of F int

q

[
ML p

n

]
”.

and a similar claim also holds true with Fq

[
ML p

n

]
replacing F int

q

[
ML p

n

]
and

Fq
[
ML p

n

]
replacing F int

q

[
ML p

n

]
.

The following “multiparametric PBW theorem” (an “integral version” of Theorem
3.2.7) now provides a k

[
q±1,q±1

]
–basis of ordered (truncated) monomials:

Theorem 4.3.5. (PBW Theorem for F int
q

[
ML p

n

]
and Fq

[
ML p

n

]
) Let us fix any

total order in the set
{
xij

∣∣ i, j ∈ In
}

of generators of F int
q

[
ML p

n

]
. Then the set

B :=

{ −→∏
i,j∈In

x
eij
ij

∣∣∣∣ eij ∈ N , ∀ i , j ∈In , eij ≤ 1 if pi,j = 1̄

}
of all truncated ordered monomials in the xij’s is a k

[
q±1,q±1

]
–basis of the k

[
q , q−1

]
–

module Fq

[
ML p

n

]
. In particular, then, the k

[
q±1,q±1

]
–module F int

q

[
ML p

n

]
is free.

A parallel result holds for Fq

[
ML p

n

]
:= k(q ,q ) ⊗k[q±1,q±1] F

int
q

[
ML p

n

]
as well,

namely B is a k(q ,q )–basis of Fq

[
ML p

n

]
.

Proof. One can mimic the proof of Theorem 4.2.4, mutatis mutandis. We will follow,
instead, a different approach. Once again, we prove the statement for F int

q

[
ML p

n

]
,

from which that for Fq

[
ML p

n

]
too follows at once.

In short, the claim follows at once from the fact that F int
q

[
ML p

n

]
is (up to details) a

2–cocycle deformation of F int
q

[
ML p

n

]
. Now, formula (4.11) together with the analysis

performed in §3.2.3 (with minimal, irrelevant changes to adapt it to the “polynomial
setup”) show that, through the deformation process, every monomial in B for the
deformed algebra (i.e., w.r.t. the new, deformed product) coincide with the same
monomial in the undeformed algebra (i.e., w.r.t. the old, undeformed product) but

for a coefficient which is a monomial in q±1/2 and in the q
±1/2
ij . Thus, the fact that

they form a basis in F int
q

[
ML p

n

]
implies that they form a basis in F int

q

[
ML p

n

]
too.

Indeed, to be precise, the above proves that the following. With notations and
assumptions as in §4.3.4, the fact that the truncated, ordered monomials (for the ini-
tial product) form a basis of F int

q

[
ML p

n

]
implies the same statement for the extended
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superbialgebra F
√
int

q, •
[
ML p

n

]
— which is obvious — and then also that the similar

monomials, with respect to the deformed product, do form a basis of the deformed

superbialgebra
(
F

√
int

q, •
[
ML p

n

])
σΦ

. In particular, these monomials are linearly inde-

pendent over k
[
q±1/2,q±1/2

]
, hence also over k

[
q±1,q±1

]
inside F int

q

[
ML p

n

]
, iden-

tified with the k
[
q±1,q±1

]
–subsuperalgebra of

(
F

√
int

q, •
[
ML p

n

])
σΦ

generated by the

xij’s (see §4.3.4). On the other hand, these monomials also span
(
F

√
int

q, •
[
ML p

n

])
σΦ

over k
[
q±1,q±1

]
, by the same argument we already applied in the “uniparametric”

case of F int
q

[
ML p

n

]
— cf. the proof of Theorem 4.2.4 — hence we are done. □

4.3.6. Specialisations of integral QFSA’s. Let us consider “integral” QFSA’s
F int
q

[
ML p

n

]
and F int

q

[
ML p

n

]
. Let R be any k–algebra, and let χ : k

[
q , q−1

]
−−→ R

and ψ : k
[
q±1,q±1

]
−−→ R be k–algebra morphisms. Then the R–superbialgebras

F int
R,χ

[
ML p

n

]
:= R ⊗

k[q+1, q−1]
F int
q

[
ML p

n

]
, F Φ, int

R,ψ

[
ML p

n

]
:= R ⊗

k[q±1,q±1]
F int
q

[
ML p

n

]
given by scalar extension — via χ and via ψ , respectively — can be legitimally
called “specialisations” of F int

q

[
ML p

n

]
and F int

q

[
ML p

n

]
, respectively.

When χ
(
q±1

)
= 1 , we have F int

R,χ

[
ML p

n

] ∼= R ⊗k F
[
ML p

n

]
as Hopf superalge-

bras over R : in addition, F
[
ML p

n

]
inherits from this “uniparametric” quantisation

F int
q

[
ML p

n

]
a Poisson bracket { , } which makes ML p

n into a Poisson monoid.

Similarly, when ψ
(
q±1

)
= 1 = ψ

(
q±1
ij

)
for all i , j ∈ In , then we find again

that FΦ, int
R,ψ

[
ML p

n

] ∼= R⊗k F
[
ML p

n

]
as Hopf superalgebras over R . In addition, if

ψ(q ij) =
(
ψ(q)

)zij for some zij ∈ Z , then a Poisson bracket { , }ψ is canonically

defined on R ⊗kF
[
ML p

n

]
, which makes ML p

n into a Poisson monoid whose bracket
depends on the “multiparameter” encoded by ψ .

4.4. Comparison with Manin’s work. We conclude this work with a quick com-
parison between our multiparameter quantum general linear supergroups and those
considered by Manin in [Ma]. More precisely, the latter are multiparametric quanti-
sations of F

[
ML p

n

]
, that we denote by FM

q

[
ML p

n

]
: they are generated by elements

zij ( i , j ∈ In ) with relations depending on an antisymmetric matrix of invertible pa-

rameters
(
qij

)j∈In
i∈In

. Therefore, we are naturally led to compare any such FM
q

[
ML p

n

]
with our polynomial multiparametric QFSA’s Fq

[
ML p

n

]
.

Beyond the first-sight similarity of their own constructions — as both (super)alge-
bras have essentially “the same” set of generators and relations depending on the
same set of parameters — same extra similarities also show up in some of the
relations between generators. One then might be led to guess that, up to suitably
re-writing some relations (in either one of the two presentations, or in both), one can
eventually achieve the same kind of presentation for both algebras, thus concluding
that they are isomorphic, at least as (super)algebras. On the other hand, failing to
get this would not allow us to deduce that the two are non-isomorphic either.

Nevertheless, there is another difference which seems to be a major “obstruction”
for FM

q

[
ML p

n

]
and Fq

[
ML p

n

]
to be isomorphic as superbialgebras. Indeed, the gen-

erators zij of FM
q

[
ML p

n

]
and the generators xij of Fq

[
ML p

n

]
behave rather differently
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with respect to the coproduct, namely (for all i , j ∈ In )

∆(zij) =
∑n

k=1zik ⊗ zkj and ∆(xij) =
∑n

k=1(−1)pik pkjxik ⊗ xkj

Although this is not a conclusive argument, it certainly drives us to guess that
FM

q

[
ML p

n

]
and Fq

[
ML p

n

]
might indeed be non-isomorphic.

Appendix A. Further details for §3.1.3

In the present Appendix we present the details of the intermediate claims which
were left unproved in the construction of Fℏ

[[
GL p

n

]]
in §3.1.3.

Proof of (4–a): Proving
〈
1 , ρ

〉
= 0 is trivial, while the second case is a sheer

matter of straightforward computations. In detail, direct calculations give:

— for ρ = Γk Γℓ − Γℓ Γk we get

⟨xij , Γk Γℓ − Γℓ Γk⟩ =
n∑
a=1

(−1)piapaj
〈
xia ⊗ xaj , Γk ⊗ Γℓ − Γℓ ⊗ Γk

〉
=

=
n∑
a=1

(−1)piapaj
(〈
xia , Γk

〉 〈
xaj , Γℓ

〉
−
〈
xia , Γℓ

〉 〈
xaj , Γk

〉)
=

=
n∑
a=1

(−1)piapaj
(
δi,a,k,ℓ,j − δi,a,k,ℓ,j

)
= 0

where hereafter we write δe1,...,es := 1 if e1 = · · · = es and δe1,...,es := 0 otherwise;

— for ρ = Γk Er − Er Γk − (δk, r − δk, r+1)Er we get〈
xij , Γk Er − Er Γk − (δk, r − δk, r+1)Er

〉
=

=

(
n∑
a=1

(−1)piapaj
〈
xia ⊗ xaj , Γk ⊗ Er − Er ⊗ Γk

〉)
− (δk, r − δk, r+1)

〈
xij , Er

〉
=

=

(
n∑
a=1

(
(−1)piapaj

〈
xia , Γk

〉 〈
xaj , Er

〉
−

− (−1)(pi,a+pr,r+1)pa,j
〈
xia , Er

〉 〈
xaj , Γk

〉))
−

− (δk,r − δk,r+1)
〈
xij , Er

〉
=

=

(
n∑
a=1

(
(−1)piapajδi,a,k δa+1,j,r+1 − (−1)(pi,a+pr,r+1)pa,jδi+1,a,r+1 δa,j,k

))
−

− (δk,r − δk,r+1) δi+1,j,r+1 =

= δi,k δi+1,j,r+1 − δi+1,j,r+1 δj,k − (δk,r − δk,r+1) δi+1,j,r+1 = 0

and a similar computation for ρ = Γk Fr − Fr Γk − (δk, r − δk+1, r)Fr yields also〈
xij , Γk Fr − Fr Γk − (δk, r − δk+1, r)Fr

〉
= 0

— for ρ = Er Fs − (−1)pr,r+1ps+1,sFsEr − δrs
e+ℏHr−e−ℏHr

q+1
r −q−1

r
, we split the compu-

tation, with
〈
xij , Er Fs − (−1)pr,r+1ps+1,sFsEr

〉
and

〈
xij , δrs

e+ℏHr−e−ℏHr

q+1
r −q−1

r

〉
dealt
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with separately. For the first term we get〈
xij , Er Fs − (−1)pr,r+1ps+1,sFsEr

〉
=

=
n∑
a=1

(−1)piapaj
〈
xia ⊗ xaj , Er ⊗ Fs − (−1)pr,r+1ps+1,sFs ⊗ Er

〉
=

=
n∑
a=1

(
(−1)(pi,a+pr,r+1)pa,j⟨xia , Er⟩⟨xaj , Fs⟩−

− (−1)(ps+1,s+pi,a)pa,j+pr,r+1ps+1,s⟨xia , Fs⟩⟨xaj , Er⟩
)

=

=
n∑
a=1

(
(−1)(pi,a+pr,r+1)pa,j δi+1,a δi,r δa,j+1 δj,s−

− (−1)(ps,s+1+pi,a)pa,j+pr,r+1ps+1,s δi,a+1 δs,a δa,r δa+1,j

)
=

=
(
(−1)(pr,r+1+pr,r+1)pr+1,rδi,j δr,s δi,r − (−1)(pr,r+1+pr+1,r)pr,r+1+pr,r+1pr+1,rδi,j δr,s δi,r+1

)
=

= δi,j δr,s

(
δi,r − (−1)pr,r+1 δi,r+1

)
and for the second we find〈
xij , δrs

e+ℏHr − e−ℏHr

q+1
r − q−1

r

〉
=

= δr, s δi, j
e+ℏ ((−1)p(r)δi,r−(−1)p(r+1)δi,r+1) − e−ℏ ((−1)p(r)δi, r−(−1)p(r+1)δi, r+1)

e+ℏ (−1)p(r) − e−ℏ (−1)p(r)
=

= δi, j δr, s
(
δi, r − (−1)pr,r+1δi, r+1

)
hence eventually direct comparison yields the result we were looking for;

— for the last cases, we need repeated applications of some intermediate formulas:
the first one is 〈

xij , ErEs
〉

= δ i, r, s−1, j−2 (A.1)

that follows from〈
xij , ErEs

〉
=

〈
∆(xij) , Er ⊗ Es

〉
=

=
n∑
a=1

(−1)piapaj
〈
xia ⊗ xaj , Er ⊗ Es

〉
=

=
n∑
a=1

(−1)pi,apa,j + pa,jpr,r+1
〈
xia , Er

〉 〈
xaj , Es

〉
=

=
n∑
a=1

(−1)(pi,a + pr, r+1) pa,j δi, r δa, r+1 δa, s δj, s+1 =

= (−1)(pi,i+1+pi,i+1) pi+1,i+2 δ i, r, s−1, j−2 =

= (−1)0̄ · pi+1,i+2 δ i, r, s−1, j−2 = δ i, r, s−1, j−2

It is the easily seen that (A.1) implies
〈
xij , ρ

〉
= 0 when ρ = E 2

i as in (2.4)
or ρ = [Ei , Ej] as in (2.5) — for the “E–half” of either formula: a similar analysis
takes care of the “F–half” case as well.

The second intermediate formula is〈
xij , ErEsEt

〉
= δi, r, s−1, t−2, j−3 (A.2)
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which is the output of the following calculation:〈
xij , ErEsEt

〉
=

〈
∆(xij) , ErEs ⊗ Et

〉
=

=
n∑
a=1

(−1)piapaj
〈
xia ⊗ xaj , ErEs ⊗ Et

〉
=

=
n∑
a=1

(−1)(pi,a+pr,r+1+ps,s+1) pa,j
〈
xia , ErEs

〉 〈
xaj , Et

〉
=

=
n∑
a=1

(−1)(pi,a+pr,r+1+ps,s+1) pa,j δi, r, s−1,a−2 δa, t δj, t+1 =

= (−1)(pi,i+2+pi,i+1+pi+1,i+2) pi+2,i+3 δi, r, s−1, t−2, j−3 =

= (−1)0̄ · pi+2,i+3 δi, r, s−1, t−2, j−3 = δi, r, s−1, t−2, j−3

It is clear then that (A.2) implies
〈
xij , ρ

〉
= 0 for every ρ as in the left-hand

side of (2.6) concerning the generators Et : a parallel analysis takes care of the
“F–part” of that same formula as well.

The third intermediate formula is〈
xij , ErEsEtEv

〉
= δi, r, s−1, t−2, v−3, j−4 (A.3)

which comes out of the following computation:〈
xij , ErEsEtEv

〉
=

〈
∆(xij) , ErEsEt ⊗ Ev

〉
=

=
n∑
a=1

(−1)piapaj
〈
xia ⊗ xaj , ErEsEt ⊗ Ev

〉
=

=
n∑
a=1

(−1)pi,apa,j+pa,jpr,r+1+pa,jps,s+1+pa,jpt,t+1
〈
xia , ErEsEt

〉 〈
xaj , Ev

〉
=

=
n∑
a=1

(−1)(pi,a+pr,r+1+ps,s+1+pa,jpt,t+1) pa,j δi, r, s−1, t−2,a−3 δa, v δj, v+1 =

= (−1)(pi,i+3+pi,i+1+pi+1,i+2+pi+2,i+3) pi+3,i+4 δi, r, s−1, t−2, v−3, j−4 =

= (−1)0̄ · pi+3,i+4 δi, r, s−1, t−2, v−3, j−4 = δi, r, s−1, t−2, v−3, j−4

Then from (A.3) one easily deduces that
〈
xij , ρ

〉
= 0 for every ρ as in the

left-hand side of (2.7), first line — i.e. the one for generators Et : a parallel analysis
takes care of the parallel case where the F ’s play the role of the E’s as well.

Proof of (4–b): The fact that R be a coideal in Ûℏ is equivalent to the fact

that the quotient topological k[[ℏ]]–superalgebra Ûℏ

/
R be in fact a bialgebra, with

coproduct and counit given as in Theorem 2.1.4. But that result stands true, hence
we deduce (somewhat backwards) that R is indeed a coideal in Ûℏ , q.e.d.

If instead one wants to go through a direct proof, showing that R is a coideal,
then again this is a matter of sheer calculation. In detail, computations show that
the generators of the form

Γk,ℓ := Γk Γℓ − Γℓ Γk

E
(Γ )
k,j :=

[
Γk , Ej

]
− (δk,j − δk,j+1)Ej

E 2
i

(
with pi, i+1 = 1̄

)
Ei,j := E2

i Ej −
(
q + q−1

)
EiEj Ei + Ej E

2
i

(
with pi, i+1 = 0̄ , |i− j| = 1

)
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one finds that they are skew-primitive, namely

∆
(
Γk,ℓ

)
= Γk,ℓ ⊗ 1 + 1⊗ Γk,ℓ

∆
(
E

(Γ )
k,j

)
= E

(Γ )
k,j ⊗ 1 + e+Hj ⊗ E

(Γ )
k,j

∆
(
E 2
i

)
= E 2

i ⊗ 1 + e+2Hi ⊗ E 2
i

∆
(
Ei,j

)
= Ei,j ⊗ 1 + e+2 ℏHi+Hj ⊗ Ei,j

The remaining generators are treated similarly, with similar outcomes. Overall, this
eventually allows to conclude that R is indeed a coideal, as claimed.

Proof of (5–a): Proving that
〈
η , 1

〉
= 0 is trivial: for every possible η from the

first four lines in (3.15), in each product of the form xrs xtℓ there is always r = s
or ℓ = t , hence

〈
xrs xtℓ , 1

〉
= ϵ

(
xr, s xt,ℓ

)
= ϵ(xrs) ϵ(xtℓ) = 0 , that is enough to

get
〈
η , 1

〉
= 0 . The same holds as well for the η’s from the fifth (and last) line in

(3.15), but for the cases when i = j and h = k : but then we have〈
xij xhk − (−1)pijphk xhk xij − (−1)pij+pik+p(i)

(
e+ℏ − e−ℏ )xik xhj , 1 〉 =

= ϵ(xii) ϵ(xhh) − (−1)0 ϵ(xhh) ϵ(xii) − (−1)pij+pik+p(i)
(
e+ℏ − e−ℏ ) ϵ(xih) ϵ(xhi) =

= 1− 1− (−1)pij+pik+p(i)
(
e+ℏ − e−ℏ ) δih δhi = 1− 1−

(
e+ℏ − e−ℏ ) 0 = 0

As to proving
〈
η , γ

〉
= 0 (for all η’s and all γ’s as mentioned above), we proceed

in steps. To begin with, direct computations give

〈
xij xhk , Er

〉
=

〈
xij ⊗ xhk ,∆(Er)

〉
=

=
〈
xij ⊗ xhk , Er ⊗ 1 + e+ℏHr ⊗ Er

〉
=

=
〈
xij ⊗ xhk , Er ⊗ 1

〉
+

〈
xij ⊗ xhk , e

+ℏHr ⊗ Er
〉

=

= (−1)pr,r+1 ph,k
〈
xij , Er

〉 〈
xhk , 1

〉
+

〈
xij , e

+ℏHr
〉 〈

xhk , Er
〉

=

= (−1)pr,r+1ph,k δi, r,j−1 δh, k + δi, j e
+ℏ((−1)p(r)δi,r−(−1)p(r+1)δi,r+1) δh,k−1, r =

= δi, r,j−1 δh, k + e+ℏ((−1)p(r)δi,r−(−1)p(r+1)δi,r+1) δi, j δh,k−1, r

(A.4)

for γ = Er , then〈
xij xhk , Γs

〉
=

〈
xij ⊗ xhk ,∆(Γs)

〉
=

〈
xij ⊗ xhk , Γs ⊗ 1 + 1⊗ Γs

〉
=

=
〈
xij , Γs

〉
⟨xhk , 1 ⟩ + ⟨xij , 1 ⟩

〈
xhk , Γs

〉
=

= δis δjs δhk + δij δhs δks = δij δhk (δis + δks)

(A.5)

for γ = Γs , and finally〈
xij xhk , Fr

〉
=

〈
xij ⊗ xhk ,∆(Fr)

〉
=

=
〈
xij ⊗ xhk , Fr ⊗ e−ℏHr + 1⊗ Fr

〉
=

=
〈
xij ⊗ xhk , Fr ⊗ e−ℏHr

〉
+

〈
xij ⊗ xhk , 1⊗ Fr

〉
=

= (−1)pr,r+1 ph,k
〈
xij , Fr

〉 〈
xhk , e

−ℏHr
〉
+

〈
xij , 1

〉 〈
xhk , Fr

〉
=

= (−1)pr,r+1ph,k δi−1, r,j δh, k e
−ℏ((−1)p(r)δh,r−(−1)p(r+1)δh,r+1) + δi, j δh−1, r,k =

= δi−1, r,j δh, k e
−ℏ(δh,r−(−1)pr,r+1δh,r+1) + δi, j δh−1, r,k

(A.6)

for γ = Fr . From all this we get the following:
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If pij = 1̄ , then i ̸= j , hence (A.4), (A.5) and (A.6) give〈
x 2
ij , Er

〉
= 0 ,

〈
x 2
ij , Γs

〉
= 0 ,

〈
x 2
ij , Fr

〉
= 0

so we are done with the generators of J of the form η = x 2
ij with pij = 1̄ .

If j < k , then (A.4) — applied twice — gives〈
xij xik − (−1)pijpik e+ℏ (−1)p(i) xik xij , Er

〉
=

= δi, r,j−1 δi, k + e+ℏ((−1)p(r)δi,r−(−1)p(r+1)δi,r+1) δi, j δi,k−1, r−

− (−1)pikpij e+ℏ (−1)p(i)
(
δi, r,k−1 δi, j + e+ℏ((−1)p(r)δi,r−(−1)p(r+1)δi,r+1) δi, k δi,j−1, r

)
=

= δi,j−1,k, r + e+ℏ (−1)p(i) δi, j, k−1, r−

− (−1)pikpij e+ℏ (−1)p(i)
(
δi, j, k−1, r + e+ℏ (−1)p(r) δi,j−1, k, r

)
=

= 0 + e+ℏ (−1)p(i) δi, j, k−1, r − (−1)pikpij e+ℏ (−1)p(i) δi, j, k−1, r + 0 =

=
(
1 − (−1)0̄

)
e+ℏ (−1)p(i) δi, j, k−1, r = 0

which yields ⟨ η , γ ⟩ = 0 for η = xi, j xi, k − (−1)pijpik e+ℏ (−1)p(i) xi, k xi, j (with j <
k ) and γ = Er . Similar computations — exploiting (A.5) and (A.6), respectively
— take care of the cases γ = Γs and γ = Fr alike.

If i < h , a similar analysis to the previous one proves ⟨ η , γ ⟩ = 0 for η =

xij xhj − (−1)pijphje+ℏ (−1)p(j)xhj xij (with i<h ) and γ = Er , γ = Γs or γ = Fr .

If i < h and j > k , then from (A.4) we get〈
xij xhk − (−1)pijphk xhk xij , Er

〉
=

= δi, r, j−1 δh, k + e+ℏ ((−1)p(r)δi,r−(−1)p(r+1)δi,r+1) δi, j δh, r, k−1−

− (−1)pijphk
(
δh, r, k−1 δi, j + e+ℏ ((−1)p(r)δh,r−(−1)p(r+1)δh,r+1) δh, k δi, r, j−1

)
=

= δi, r, j−1 δh, k + e+ℏ ((−1)p(r)δi,r−(−1)p(r+1)δi,r+1) δi, j δh, r, k−1 −

− (−1)pijphk δh, r, k−1 δi, j − (−1)pijphk e+ℏ ((−1)p(r)δh,r−(−1)p(r+1)δh,r+1) δh, k δi, r, j−1 =

= δi, r, j−1 δh, k + δi, j δh, r, k−1 − δh, r, k−1 δi, j − δh, k δi, r, j−1 = 0

which yields ⟨ η , γ ⟩ = 0 for η = xij xhk − (−1)pijphk xhk xij (with i < h and
j > k ) and γ = Er . Then similar calcutations — using (A.5) and (A.6), respectively
— settle the cases γ = Γs and γ = Fr alike.

If i < h and j < k , then from (A.4) again we get〈
xij xhk − (−1)pijphkxhk xij − (−1)pijpik+p(i)

(
e+ℏ − e−ℏ)xik xhj , Er 〉 =

= δi, r, j−1 δh, k + e+ℏ ((−1)p(r)δi,r−(−1)p(r+1)δi,r+1) δi, j δh, k−1, r−

− (−1)pijphk
(
δh, r, k−1 δi, j + e+ℏ ((−1)p(r)δh,r−(−1)p(r+1)δh,r+1δh, k δi, j−1, r

)
−

− (−1)pijpik+p(i)
(
e+ℏ − e−ℏ) δi, r, k−1 δh, j −

− (−1)pijpik+p(i)
(
e+ℏ − e−ℏ ) e+ℏ ((−1)p(r)δi,r−(−1)p(r+1)δi,r+1) δi, k δh, j−1, r =

= δi, r, j−1 δh, k + δi, j δh, k−1, r − (−1)pijphk
(
δh, r, k−1 δi, j + δh, k δi, j−1, r

)
−

−
(
e+ℏ − e−ℏ ) (−1)pijpik+p(i)

(
δi, r, k−1 δh, j − δi, k δh, j−1, r

)
=
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= δi, r, j−1 δh, k + δi, j δh, k−1, r − (−1)0̄ δh, r, k−1 δi, j − (−1)0̄ δh, k δi, j−1, r −
−
(
e+ℏ− e−ℏ )(−1)pijpik+p(i) δi, r, k−1 δh, j +

(
e+ℏ − e−ℏ )(−1)pijpik+p(i) δi, k δh, j−1, r = 0

where the last identity follows because we have found an element (looking at all
possible values of the Kronecker δq, p’s) of the form A+B−A−B−C−D , where
the last two summands are C = 0 = D since the various restrictions eventually
force i < h = j < k = i+1 and j < k = i < h = j+1 , which both are impossible.

Thus for η = xij xhk − (−1)pijphkxhk xij − (−1)pij+pik+p(i)
(
e+ℏ − e−ℏ

)
xik xhj (with

i < h and j < k ) and γ = Er we get ⟨ η , γ ⟩ = 0 , as expected.
Parallel calculations, using (A.5) and (A.6), work for γ = Γs and γ = Fr too.

Proof of (5–b): We prove that ∆(η) ∈ J ⊗ F̃ℏ + F̃ℏ ⊗J by explicitly computing

∆(η) , for every generator η of J as in (3.15).

For η = x 2
ij — with pij = 1̄ — computations give

∆
(
x 2
ij

)
= ∆(xij)

2 =
(∑n

t=1 (−1)pit ptjxit ⊗ xtj

)2
=

=
∑n

h,k=1 (−1)pih phj(−1)pik pkj
(
xih ⊗ xhj

)(
xik ⊗ xkj

)
=

=
∑n

h,k=1 (−1)pih phj(−1)pik pkj(−1)pik phj xih xik ⊗ xhj xkj =

=
∑n

ℓ=1 (−1)piℓ pℓj x 2
iℓ ⊗ x 2

ℓj +

+
∑n

h,k=1
h<k

(
(−1)pih phj + pik pkj + pik phj · xih xik ⊗ xhj xkj +

+ (−1)pik pkj + pih phj + pih pkj · xik xih ⊗ xkj xhj

)
=

=
∑n

ℓ=1 (−1)piℓ pℓj x 2
iℓ ⊗ x 2

ℓj +

+
∑n

h,k=1
h<k

(−1)pih phj+pik pkj
(
(−1)pik phj xih xik ⊗ xhj xkj +

+ (−1)pih pkj xik xih ⊗ xkj xhj

)
=

=
∑n

ℓ=1 (−1)piℓ pℓj x 2
iℓ ⊗ x 2

ℓj +
∑n

h,k=1
h<k

(−1)pih phj+pik pkj ×

×
(
(−1)pik phj xih xik ⊗ xhj xkj + (−1)pihpkj xik xih ⊗ xkj xhj

)
where we took into account that pi,j = 1̄ means that either p(i) = 0̄ or p(j) = 0̄ ,
hence pit = 0̄ or ptj = 0̄ for all t .

Now let us consider the summands occurring in the last two sums above:

— in the first sum, each summand (−1)piℓ pℓj x 2
iℓ ⊗ x 2

ℓj obviously belongs to

J ⊗ F̃ℏ + F̃ℏ ⊗ J , because pi,j = 1̄ implies that either piℓ = 1̄ or pℓj = 1̄ and
accordingly it is x 2

iℓ ∈ J or x 2
ℓj ∈ J ; hence we are done.

— in the second sum, we re-write each tensor factor xih xik and xhj xkj as

xihxik = γ̂
(i)
hk + ĉ

(i)
hk xik xih , xhjxkj = γ̌

(j)
hk + č

(i)
hk xkj xhj

where we set γ̂
(i)
hk := xih xik − ĉ

(i)
hk xik xih ∈ J with ĉ

(i)
hk := (−1)pihpike+ℏ (−1)p(i) and

similarly also γ̌
(j)
hk := xhj xkj − č

(i)
hk xkj xhj ∈ J with č

(i)
hk := (−1)phjpkje+ℏ (−1)p(j)

— cf. (3.15). Then the contribution to the (h, k)–th summand in the second sum
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that occurs in the last line above can be re-written as

(−1)pik phj
(
γ̂
(i)
hk ⊗ γ̌

(j)
hk + γ̂

(i)
hk ⊗ č

(i)
hk xkj xhj + ĉ

(i)
hk xih xik ⊗ γ̌

(j)
hk

)
+

+ (−1)pik phj ĉ
(i)
hk č

(i)
hk xik xih ⊗ xkj xhj + (−1)pihpkj xik xih ⊗ xkj xhj

with the first line obviously providing an element in J ⊗ F̃ℏ + F̃ℏ ⊗ J , while the
second provides to the overall sum the following contribution

(−1)pik phj + pihpik + phjpkje+ℏ ((−1)p(i)+(−1)p(j)) xik xih ⊗ xkj xhj +

+ (−1)pihpkj xik xih ⊗ xkj xhj =

= (−1)pih pkj
(
(−1)pih pkj + pik phj + pihpik + phjpkj + 1

)
xik xih ⊗ xkj xhj = 0

where we exploited the facts that pij = 1̄ implies both (−1)p(i)+(−1)p(j) = 0̄ and
pih pkj + pik phj + pih pik + phj pkj = pij = 1̄ . Tiding everything up, we find that

the second sum also belongs J ⊗ F̃ℏ + F̃ℏ ⊗ J , and we are done.

For η = xij xik − (−1)pijpik e+ℏ (−1)p(i)xik xij — with j < k — we compute

∆(η) = ∆
(
xij xik − (−1)pijpik e+ℏ (−1)p(i)xik xij

)
=

=

(
n∑
t=1

(−1)pit ptjxit ⊗ xtj

)(
n∑
ℓ=1

(−1)piℓ pℓkxiℓ ⊗ xℓk

)
−

− (−1)pijpik e+ℏ (−1)p(i)
(

n∑
t=1

(−1)pit ptkxit ⊗ xtk

)(
n∑
ℓ=1

(−1)piℓ pℓjxiℓ ⊗ xℓj

)
=

=
∑n

h=1A
′
h +

∑n
t,ℓ=1
t<ℓ

(
B′
t,ℓ + C ′

t,ℓ

)
+

∑n
h=1A

′′
h +

∑n
t,ℓ=1
t<ℓ

(
B′′
t,ℓ + C ′′

t,ℓ

)
=

=
∑n

h=1

(
A′
h + A′′

h

)
+

∑n
t,ℓ=1
t<ℓ

(
B′
t,ℓ + C ′

t,ℓ +B′′
t,ℓ + C ′′

t,ℓ

)
where we used notation (for all h, t, ℓ ∈ In := {1, . . . , n} with t < ℓ )

A′
h := (−1)pihphk x 2

ih ⊗ xhj xhk

A′′
h := −(−1)pijpikeℏ (−1)p(i)(−1)pihphj x 2

ih ⊗ xhk xhj

B′
t,ℓ := (−1)pitptj+piℓpℓk+piℓptj xit xiℓ ⊗ xtj xℓk

B′′
t,ℓ := −(−1)pijpikeℏ (−1)p(i)(−1)pitptk+piℓpℓj+piℓptk xit xiℓ ⊗ xtk xℓj

C ′
t,ℓ := (−1)piℓpℓ,j+pitptk+pitpℓj xiℓ xit ⊗ xℓj xtk

C ′′
t,ℓ := −(−1)pijpikeℏ (−1)p(i)(−1)piℓpℓk+pitptj+pitpℓk xiℓ xit ⊗ xℓk xtj

Now, note that A′
h, A

′′
h ∈ J ⊗ F̃ℏ + F̃ℏ ⊗ J (for all h ) so that the first sum in

the expansion of ∆(η) — namely
∑n+1

h=1

(
A′
h+A′′

h

)
— belongs to J ⊗ F̃ℏ + F̃ℏ ⊗J .

As to the second sum, we fix more notation. Given X, Y ∈ F̃ℏ , let us write
X ≡J Y ifX is equivalent to Y modulo J (in F̃ℏ ), Similarly, for any X⊗ , Y⊗ ∈ F̃⊗2

ℏ ,

we write X⊗ ≡J⊗ Y⊗ if X⊗ is equivalent to Y⊗ modulo J⊗ := J ⊗ F̃ℏ + F̃ℏ ⊗ J .

Now, definitions give xit xiℓ ≡J (−1)pitpiℓeℏ (−1)p(i)xiℓ xit (for t < ℓ ), which implies

B′
t,ℓ ≡J⊗ xiℓ xit ⊗

(
(−1)pitpiℓeℏ (−1)p(i)(−1)pitptj+piℓpℓk+piℓptj xtj xℓk

)
B′′
t,ℓ ≡J⊗ xiℓ xit ⊗

(
−(−1)pitpiℓe2ℏ (−1)p(i)(−1)pijpik(−1)pitptk+piℓpℓj+piℓptk xtk xℓj

)
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Bundling everything up, we find that, in the second sum in the expansion of ∆(η),
the (t, ℓ)–th summand fulfils

B′
t,ℓ + C ′

t,ℓ +B′′
t,ℓ + C ′′

t,ℓ ≡J⊗ xiℓ xit ⊗
(
b′
t,ℓ + c′t,ℓ + b′′

t,ℓ + c′′t,ℓ
)

(A.7)

with

b′
t,ℓ := (−1)pitpiℓ+pitptj+piℓpℓk+piℓptj eℏ (−1)p(i) xtj xℓk

b′′
t,ℓ := −(−1)pitpiℓ+pijpik+pitptk+piℓpℓj+piℓptk e2 ℏ (−1)p(i) xtk xℓj

c′t,ℓ := (−1)piℓpℓj+pitptk+pitpℓj xℓj xtk ≡J (−1)piℓpℓj+pitptk+pitpℓj+ptkpℓj xtk xℓj

c′′t,ℓ := −(−1)pijpik+piℓpℓk+pitptj+pitpℓk eℏ (−1)p(i) xℓk xtj

where in third line we used the relation xℓj xtk ≡J (−1)ptkpℓj xtk xℓj . Also, we have

xtj xℓk ≡J (−1)ptjpℓk xℓk xtj + (−1)ptjptk+p(t)
(
e+ℏ − e−ℏ)xtk xℓj

Using this to re-write b′
t,ℓ along with the formulas, we find that

b′
t,ℓ + c′t,ℓ + b′′

t,ℓ + c′′t,ℓ = κ′t,ℓ xℓk xtj + κ′′t,ℓ xtk xℓj (A.8)

where the coefficients are given by

κ′t,ℓ := eℏ (−1)p(i)(−1)pitptj+piℓpℓk
(
(−1)pitpiℓ+pi,ℓpt,j+ptjpℓk − (−1)pijpik+pitpℓk

)
κ′′t,ℓ := (−1)pitpiℓ+pitptj+piℓpℓk+piℓptj+ptjptk+p(t)eℏ (−1)p(i)

(
e+ℏ − e−ℏ ) +

+ (−1)piℓpℓj+pitptk+pitpℓj+ptkpℓj −
− (−1)pijpik+pitptk+piℓpℓj+piℓptk+pitpiℓ e2 ℏ (−1)p(i)

Finally, an in-depth (yet trivial!) inspection shows that κ′t,ℓ = 0 and κ′′t,ℓ = 0 .

This along with (A.8) and (A.7) yields B′
t,ℓ +C ′

t,ℓ +B′′
t,ℓ +C ′′

t,ℓ ∈ J ⊗ F̃ℏ + F̃ℏ ⊗J
(for all t < ℓ ), whence we conclude that ∆(η) ∈ J ⊗ F̃ℏ + F̃ℏ ⊗ J =: J⊗ , q.e.d.

For η = xij xhj − (−1)pi,jph,j e+ℏ (−1)p(j)xhj xij — with i < h — we get ∆(η) ∈
J ⊗ F̃ℏ + F̃ℏ ⊗ J =: J⊗ with a parallel analysis to the above one.

Finally, for η = xij xhk − (−1)pijphkxhk xij − (−1)pijpik+p(i)
(
e+ℏ − e−ℏ

)
xik xhj

our computations go as follows. First of all, acting as before we find

∆
(
xij xhk

)
=

∑n
t=1 σ

h,k
i,j (t)xit xht ⊗ xtj xtk+

+
∑n

b,d=1
b<d

αh,ki,j (b, d)xib xhd ⊗ xbj xdk +
∑n

b,d=1
b<d

ωh,ki,j (b, d)xid xhb ⊗ xdj xbk

where σh,ki,j (t) = (−1)pitptj+phtptk+phtptj , αh,ki,j (b, d) = (−1)pibpbj+phdpdk+phdpbj and

ωh,ki,j (b, d) = (−1)pidpdj+phbpbk+phbpdj — so that αh,ki,j (t, t) = σh,ki,j (t) = ωh,ki,j (t, t) —

and then we have also parallel formulas for ∆
(
xhk xij

)
and ∆

(
xik xhj

)
as well, just
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by switching indices in the correct way. It follows that

∆(η) = ∆
(
xij xhk + Ah,ki,j xhk xij +Ωh,k

i,j xik xhj

)
=

=
∑n

t=1 σ
h,k
i,j (t)xit xht ⊗ xtj xtk +

+
∑

b<d

(
αh,ki,j (b, d)xib xhd ⊗ xbj xdk + ωh,ki,j (b, d)xid xhb ⊗ xdj xbk

)
+

+ Ah,ki,j
∑n

t=1 σ
i,j
h,k(t)xht xit ⊗ xtk xtj +

+ Ah,ki,j
∑

b<d

(
αi,jh,k(b, d)xhb xid ⊗ xbk xdj + ωi,jh,k(b, d)xhd xib ⊗ xdk xbj

)
+

+ Ωh,k
i,j

∑n
t=1 σ

h,j
i,k (t)xit xht ⊗ xtk xtj +

+ Ωh,k
i,j

∑
b<d

(
αh,ji,k (b, d)xib xhd ⊗ xbk xdj + ωh,ji,k (b, d)xid xhb ⊗ xdk xbj

)
≡J⊗

≡J⊗

∑n
t=1C

h,k
i,j (t) +

∑
b<dD

h,k
i,j (b, d)

with Ah,ki,j := (−1)1̄+pijphk and Ωh,k
i,j := (−1)1̄+pijpik+p(i)

(
e+ℏ − e−ℏ

)
. In particular,

∆(η) is a linear combination of homogeneous tensors xr1, s1 xℓ1, c1 ⊗ xr2, s2 xℓ2, c2 .
Now, by the very definition of J — cf. (3.15) we have

xrs xrc ≡J (−1)prsprc e+ℏ (−1)p(r) xrc xrs if s < c

xrs xℓ s ≡J (−1)prspℓs e+ℏ (−1)p(s) xℓ s xrs if r < ℓ

xrs xℓ c ≡J (−1)pℓcprsxℓ c xrs if r < ℓ , s > c

xrs xℓ c ≡J Aℓ,cr,s xℓ c xrs + Ωℓ,c
r,s xrc xℓ s if r < ℓ , s < c

(A.9)

Then, using the first two relations we can re-write each t–th summand in the three
sums above of the form “

∑n
t=1 ” as a suitable multiple of the single homogeneous

tensor xht xit ⊗ xtk xtj : therefore, from this we find that in the relation

∆(η) ≡J⊗

∑n
t=1C

h,k
i,j (t) +

∑
b<dD

h,k
i,j (b, d) (A.10)

found above the first sum is eventually boils down to

Ch,k
i,j (t) = κh,ki,j (t)xht xit ⊗ xtk xtj

where the coefficient κh,ki,j (t) is explicitly given — out of direct computation, tiding
everything up — by

κh,ki,j (t) = σh,ki,j (t) (−1)pitpht+ptjptk e+2 ℏ (−1)p(t) +

+Ah,ki,j σ
i,j
h,k(t) + Ωh,k

i,j σ
h,j
i,k (t) (−1)pitpht e+ℏ (−1)p(t)

Eventually, a sheer calculation proves that the right-hand side expression above is
identically zero, so that κh,ki,j (t) = 0 for all t ∈ {1, . . . , n} , so

∑n
t=1C

h,k
i,j (t) = 0 .

Now we go and compute the summands Dh,k
i,j (b, d) in the second sum in right-hand

side of (A.10). By construction (see the above analysis) they are given by

Dh,k
i,j (b, d) :=

∑
b<d

(
αh,ki,j (b, d)xib xhd ⊗ xbj xdk + ωh,ki,j (b, d)xid xhb ⊗ xdj xbk

)
+

+ Ah,ki,j
∑

b<d

(
αi,jh,k(b, d)xhb xid ⊗ xbk xdj + ωi,jh,k(b, d)xhd xib ⊗ xdk xbj

)
+

+ Ωh,k
i,j

∑
b<d

(
αh,ji,k (b, d)xib xhd ⊗ xbk xdj + ωh,ji,k (b, d)xid xhb ⊗ xdk xbj

)
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and then, using identities (A.9) once more, we get for them the new expression

Dh,k
i,j (b, d) =

∑
b<d

(
βh,ki,j (b, d)xhd xib ⊗ xdk xbj + δh,ki,j (b, d)xid xhb ⊗ xbk xdj +

+ ϑh,ki,j (b, d)xhd xib ⊗ xbk xdj + λh,ki,j (b, d)xid xhb ⊗ xbk xdj

) (A.11)

where we use notation

βh,ki,j (b, d) := αh,ki,j (b, d)A
h,d
i,b A

d,k
b,j + Ah,ki,j ω

i,j
h,k(b, d)

δh,ki,j (b, d) := αh,ki,j (b, d)Ω
h,d
i,b Ω

d,k
b,j + Ah,ki,j α

i,j
h,k(b, d) (−1)pid phb +

+ωh,ki,j (b, d) (−1)pbk pdj − Ωh,k
i,j Ω

h,d
i,b α

h,j
i,k (b, d)

ϑh,ki,j (b, d) := αh,ki,j (b, d)A
h,d
i,b Ω

d,k
b,j − Ωh,k

i,j A
h,d
i,b α

h,j
i,k (b, d)

λh,ki,j (b, d) := αh,ki,j (b, d)Ω
h,d
i,b A

d,k
b,j + Ωh,k

i,j ω
h,j
i,k (b, d)

Finally, direct inspection (long and tricky, yet harmless) shows that

βh,ki,j (b, d) := 0 , δh,ki,j (b, d) := 0 , ϑh,ki,j (b, d) := 0 , λh,ki,j (b, d) := 0

hence from (A.11) we conclude that all Dh,k
i,j (b, d)’s are zero. This together with

(A.10) yields ∆(η) ≡J⊗ 0 , which ends the proof of (5–b), q.e.d. □
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